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Inference in “high” dimension

e Convex optimization for machine learning

— Linear models

— dimension d = 10'?
e Optimization for (deep) neural networks

— Non-linear models with strong prior structure

— dimension d = 10°, number of parameters d = 10”
e Curse of dimensionality

— Non-linear problems without strong prior structure

— d =10 or 100

— Global optimization, optimal transport, optimal control, etc.
— Representation of non-negative functions
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Global optimization

e Zero-th order minimization

min f(z)

— Q C R? simple compact subset (e.g., [—1,1]%)
— f with some bounded derivatives
— access to function values

e No convexity assumption

e Many applications

— Hyperparameter optimization in machine learning
— Industry
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Optimal rates

e Optimal worst-case performance over F (Novak, 2006)

— n = number of function evaluations

— F = Lipschitz-continuous functions: n o< £ =4

— F = m bounded derivatives: n oc e~ 4/m

e Smoothness to circumvent the curse of dimensionality

— NB: constants may depend (exponentially) in d

e Algorithms have exponential running-time complexity

— Approximate then optimize

e Algorithms with polynomial-time complexity in n?

— Approximate and optimize
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Reformulations

e Equivalent convex problem

min f(x) =sup ¢ suchthat VxeQ, f(r)—c>0

z el ceR
A
f(x)
C
-
T

— All optimization problems are convex!

e Need to represent non-negative functions (such as f(x) — ¢)
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Representing non-negative functions

e Assumption: g(x) can be represented as g(x) = (p(x), Gp(x))

— with G symmetric operator
— Assume constant function can be represented as 1 = (u, ¢(x))
— Example: set of polynomials of degree 2r

with ¢(x) composed of monomials of degree 7, of dimension (d:fr)

e Positivity through “sums-of-squares”

— If G = 0, then Vz € Q, g( ) <gb(x),qu(a?)> >0

— Then, g(z) =) Ai(¢ @ hi)p(x)) = Y Ail(x), hs)?

el el
e Are all non-negative functions sums-of-squares?

— Polynomials: no if d > 1 (see, e.g., Rudin, 2000)
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Global optimization with sums of square polynomials

e Replace f(x) —c>0by f(z) =c+ (¢(x), Ap(x)) with A =0

— represented as F'=c-u®@u+ A
e Sum-of-squares optimization (Lasserre, 2001; Parrilo, 2003)

sup ¢ such that Vz € R? f(z) = c+ (¢(x), Ap(z))
ceR, A>0

— Equivalent to original problem if f(x) — f, is a sum-of-squares
— If not, and if localization set Q = {z, ||z||* < R?} is known,

Ve e Q, f(z) >0 = VzeR?, f(z)=q(x)+ (R* — [lz]*)p(x)

with p and ¢ sums-of-squares polynomials (of unknown degree)
— Needs “hierarchies”
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Representing more general functions with RKHSs

e Reproducing Kernel Hilbert Space (RKHS) :

— Hilbert space of functions g € H, g: RY - R

— Representation as linear form : g(z) = (g, ¢(x))
— Kernel : k(x,2") = (¢(x), ¢(2")) (computable)

e Everything can be expressed using only the kernel function &

— Useful when dealing with function evaluations
— Representer theorem (Kimeldorf and Wahba, 1971): Minimizing
L(g(x1),...,9(xyn)) + AHgH2 can be done by restricting to

g ak(x, x;)

— Then g(z;) Zozz x;,1;) and ||g]|° = Z ;o ik(z;, ;)
1=1 1,7=1
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Going infinite-dimensional
(Rudi, Marteau-Ferey, and Bach, 2020)

sup ¢ suchthat Vx €, f(z)=c+ (¢(z), Ap(x))
ceR, A>=0

e ¢(x) € H Hilbert space so that (w, ¢(x)) spans a Sobolev space

— s > d/2 squared-integrable derivative
— Reproducing kernel Hilbert space (RKHS)

= k(z,y) = (¢(x), ¢(y)) = exp(—|lx — yl|) for s = d/2+1/2.
— See, e.g., Berlinet and Thomas-Agnan (2011)

e Theorem: A, > 0 such that Vx € Q, f(x) = fi + (¢(x), Arp(x))

— If f has isolated strict-second order minima in 2, and f is (s + 3)-
times differentiable

= Equivalent to original problem, but infinite-dimensional
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Controlled approximation through sampling

e Subsample n points z4,...,z, € (2 and solve

sup c—Atr(A) such that Vi € {1,...,n}, f(x;) = c+{(d(x;), Ap(x;))

ceR, A>=0

e Finite-dimensional algorithm through representer theorem

— Marteau-Ferey, Bach, and Rudi (2020)
— Restrict optimization to A = )", Ci;¢(z;) ® ¢(z;) with C = 0
e Semi-definite programming problem

— Complexity O(n*®log 1) by interior point method
— More efficient Newton algorithm in O(n?)
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Final algorithm
o lnput: f:RY =R QCRYn>0,\>0,s>d/2
1. Sampling: {z1,...,x,} sampled i.i.d. uniformly on Q

2. Feature computation

— Compute K;; = k(z;,z;) for k Sobolev kernel of smoothness s
— Compute square root of K = R'R € R**™
— Set ®,; = j-th column of R, Vj € {1,...,n}
— Set fj = f(il?j), V7 € {1, e ,n}
- _ &7
3. Solve Cerﬂgl,aéxkoc —Atr(B) s.t. Vje{l,...,n}, fj —c=®,; B,

— With Lagrange multipliers a € R"

e Output: cand & =) 7 | ajz;



lllustration

Minimization of two-dimensional function
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lllustration

¢ Minimization of eight-dimensional function

without high frequency component with high frequency component
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Duality with sums-of-squares

e Primal problem

min f(x) = sup ¢ such that Vax € Q, f(z)—c = (¢(x), Ap(x))

r e cER, A0

e Dual problem on signed measures

inf /Q,u(a;)f(x)dx s. t. /Q,u(x)dle, /Q,u(az)gb(x)@gb(x) =0

pERS?

— Extension of results on polynomials (Lasserre, 2020)
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Extension

e Generic constrained optimization problem

ein(fa F(0) suchthat Vx e, g(0,z) >0
€

e Sums-of-squares reformulation

9651{;’4%017(9) such that  Vz € Q, g(0,2) = (¢(z), Ap(x))

— Requires penalization by tr(A) and subsampling
— Need representation as sums-of-squares to benefit from smoothness
— Can be done in the primal or the dual

e Application to optimal transport and optimal control
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Smooth optimal transport

e Primal formulation: inf / c(x,y)dvy(x,y)
’YEF(:L%V) XxY

— I'(u, v) set of probability distributions with marginals y and v

e Dual formulation: sup /u(x)du(x) +/v(y)d;¢(y)
u,veC(R4) JX k2

such that Viz,y) € X x Y, c(x,y) —ulx) +v(y) =0

e Estimation from i.i.d. samples from smooth densities for ;1 and v

— Rate: from O(n~"4) to O(n="/%) (Weed and Berthet, 2019)
— No polynomial-time algorithm

e Kernel sums of squares: “polynomial”-time algorithm

— Vacher, Muzellec, Rudi, Bach, and Vialard (2021)
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Optimal control / reinforcement learning

e Subsolution of Hamilton-Jacobi-Bellman equation (Vinter, 1993)

sup /V(O, 0)dpo(zo)
V:[0,T]xX—R

W(twu), D (t2) + L(tw,u) + V() (b 2u) >0

Ve, V(T,x) = M(x).
e Polynomial sums-of-squares

— Lasserre, Henrion, Prieur, and Trélat (2008)

e Extension to kernel sums-of-squares

— Berthier, Carpentier, Rudi, and Bach (2021)
— Allows some form of modelling
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Conclusion

e Global optimization through kernel approximations

— Joint optimization and approximation
— infinite-dimensional sums-of-squares representation
— Controlled subsampling with guarantees

e Further improvements

— Efficient algorithms below O(n?) complexity
— Adaptive choice of sampling points
— Certificates of optimality

e Further extensions

— Other infinite-dimensional convex optimization problems?
— Bayesian inference (Rudi and Ciliberto, 2021; Marteau-Ferey, Rudi,
and Bach, 2021)
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