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Part VII. Convergence Problem

a. Connections between MFG and N-player game



Revisiting the N-player game

e Controlled dynamics
dX' = aldt + dW! + ndB;
e Cost functionals to player i
. . T . 1 .
Ji@',....d") = Blg(xh. i) + f (FXL ) + S ld)ds]
0 2

e Rigorous connection between N-player game and MFG?
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e Controlled dynamics
dX' = a'dt + dW! + ndB;
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e Rigorous connection between N-player game and MFG?

e Prove the of the Nash equilibria as N tends to co

o difficulty ~» no uniform smoothness on the optimal feedback
function a*V w.r.t to N

a,;(’l,N :a*’N(Xl;X],...,Xl_l,Xl+],...,XN)
——
optimal control to player i states of the others

~» no compactness on the feedback functions

o weak compactness arguments on the control (notion of relaxed
controls) for equilibria over open loop controls [Lacker, Fischer] and,
recently, closed loop [Lacker]
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~——
optimal control to player i states of the others

~» no compactness on the feedback functions and, recently,
closed loop [Lacker]

o use the master equation [C D L L]: | expand (U(z, Xf, ﬁﬁv No<t<T

and prove = equilibrium cost to player i (see the sequel)



Revisiting the N-player game

e Controlled dynamics
dX' = aldt + dW! + ndB;
e Cost functionals to player i
Ji@!,...,d") = ]E[g(X’ ) + f (f(XS,,uS )+ —|oz | )ds]

e Rigorous connection between N-player game and MFG?

e Construct ‘ approximate Nash equilibria ‘ (easier)

o limit setting ~> optimal control has the form
ay = -0, U, X, L(X:|B) )
N———
population at equilibrium
o in N-player game, use at = -0, U1, X

o almost Nash ~» cost decreases at most of £y under unilateral
deviation where ey — 0



Part VII. Convergence Problem

b. Construction of approximate equilibria
[Lasry-Lions, Caines-Huang-Malhamé]



Implementing the limit optimal feedback

e Choosenn =0

o don’t require uniqueness = ‘ no Master equation!! ‘

o assume u equilibrium and u* related value function
o replace 0, U(t, x, ;) by O ut'(t, x)

o optimal feedback in environment u
_ax Mﬂ (t ) )C)

o under same assumptions as before ~» d,u*(t, -) is Lipschitz
continuous in x

e Go back to the dynamics of the finite player system

o assume that o is 1 (for simplicity)
dX! = -0, (t, X))dt + dW!

o compute first 9, and g numerically and plug them!



Propagation of chaos

e N-player system

dX! = —0,u"(t, X})dt + dW!

o | fits the framework of MKV SDE ‘
e As N tends to oo
o for k fixed

(Xt] PR ’Xf)()gth 7 L((X;)OSZST)QM
o where (X} )o<;<r optimal dynamics in the limit
dX} = =0 (1, X)dt + dW,

O MOreover,

fim g Ft )] ¢



Quasi-Nash property

e Notations

o i = —9,u"(t,X!) controls taken from the limit feedback
function

o call J* the optimal cost in the MFG setting

o under mild assumptions (©)

J(al,...,aN)N—> J*
e Check that (al, ...,aN) forms a quasi-Nash equilibrium

o change ! into B! and freeze the others (Nash over open loop)
o ANy s.t. for N > Ny, A > 0, AC s.t.
T
Ef BlPdt>C=J'BLa% .. ..dY) =T +A
0

oforA >0, d(ey)n>1 | 0 s.t. 0, such that (©)

T lipl o2 N *
J'Bhat,...,a") > T  —¢ey
Wdr<A=
Ef(; IB;1dt < Jig,a?,...,a¥)>J* —ey, 2<i<N



Part VII. Convergence Problem

c. Connection between MFG and Nash system
[Cardaliaguet, D. , Lasry, Lions]



Nash System

e N player game equilibrium

° ‘ unique Markovian equilibrium ‘ with bounded feedback ~»

given by Nash system ~> v/ value function to player i (@)
. 1 . 2
o 3+ 5 " AN + T D TR M)
J Jik

= >0 (1,x) - 0,V (1, x)

J#i
1 ; > _
- —Iax,.vN”(t,x)I +fC, 7)) =0
o mean field interaction iy = i Z]N 1 0x;

o boundary condition vVV'(T,x) = g(x;, i)

e The goal is to prove | uniform convergence on R?

lim sup sup V(t,x) — Ut x;, 1Y) =0

N2 0<4<T xe®IW



Connection with the master equation

e Strategy is to compare | u""(¢,x) = U(t, x;, i) ) | with vV

e First-order terms
Ut x, i)+ O(x) if j=i

Bx.uN’i 1,x) = U i . .
D ) i

o Hamiltonian
1 . 1 1
—§|6x,.uN”<r,x)|2 + o, i) = - 510U, Xiy B + O, i) + o)

o drift terms

- Z O uI(1,x) - By (1, %)

J#Ei

1 1
= 2, U5 ) - 8, U3, 1)) + O(3)

J#L
1

oup to 0(}\,) ~ fits 1st order of master eq. (©) at x = x;, u = ﬂy



Connection with the master equation

e Strategy is to compare uNi(t,x) = U, x;, ﬁiv ) [ with vV

e Using smoothness of U at order 2 ~> we show
. 1 . )
ou(1.x) + 5 D Ay, x) + g > 1D i)
J Jk

= > gt x) - 9uMi (e, x)
JFi
1 . .
— S0V (O + (g + V(x) )
2 —
IV < C/N
o with XV = %ijilxj

e Propagation of reminder O(1/N) among N players?



Part VII. Convergence Problem

d. A detour



Linear version

e Wish to use smoothness of the limiting problem to prove
convergence of equilibria

o ’ Illustration in the linear case ‘ without common noise ~» focus on a
standard McKean-Vlasov equation

dX[ = b(X[, L(Xf))dt + th

e Analogue of the master equation?
o notice that £(X;) only depends on £(Xj)
o define the semi-group
(P LX) = (LX), 1€[0,T], ¢:PR) >R
o dynamics of Po(R?) 3 u > Pup(u)?



Linear version

e Wish to use smoothness of the limiting problem to prove
convergence of equilibria

o ’ Illustration in the linear case ‘ without common noise ~» focus on a
standard McKean-Vlasov equation

dX[ = b(X[, L(Xf))dt + th

e Analogue of the master equation?
o define the semi-group
(P LX) = $(LK), 1€[0.T], ¢: PR >R
o dynamics of Po(RY) 5 u > P,p(u)?

° ’ Form of the master equation ‘ (@)

0P = [ b0 3,P)Ga i

1
-5 [ .0, ) = 0. Pot = 60



Linear version

° ’ IMlustration in the linear case ‘ without common noise ~» focus on a
standard McKean-Vlasov equation

dXt = b(X[, L(Xt))dt + th

e Revisit propagation of chaos for a particle system

dX! = b(XL iN)de + dwi, g = — Z%‘

o expansion of (Pr_,¢(ii))o<i<r (@) (®)

d[Pr-9(@))] = Za Prg(@))(X) - AW,

N
Z race| 2P (@ )Xi, XD]dt =y s 0
i=1

o ~ behavior is close to that of original semi-group (@)



Part VI. Convergence Problem

e. Adaptation to the nonlinear framework



Comparison of value functions

e Equilibrium trajectories of the N player game
dXN = —9 Vi, XN XN+ AW+ ndB,
e Value processes

Ni _ VN’i(l‘,Xiv’l, . ,XN’N), ZN,z,] — 5xij’i(t, XiV,l’ . ,XN’N)

t t t
Y=V X X, 2 = el X
e [t6’s formula
) 1 .
dyM' = —(5|Z£V”"|2 +FX )+ " 7 - (AW + ndB,)
J

" = (5 1z +f(XN’,ﬂﬁV)+/V’i(t,X,A"[))dt
+), ZiV VA =2 di+ Y Z) - (W] +ndBy)
J i

with Y% = (X, i) and VY. = g(Xb, i), and i = % 3,6 X



Stability argument

° between two dynamics

dy," =)

1 ., 1 ., _ .
= _[§|ZINN|2 - 5|sz’“|2 + A, X |at
~C/N
4 Z ZVH (2N Z 7Ny
n S~——
T <C/N si iz

+ 2@ =7y awl+ (Y 2 = Y 2y - naB,
j i J

e Observe that yl}”i = YJTV A
o if no dt terms except O(1/N)
N,i _ yN,i
y{ l _ Y[ L

T .. .. . .. ..
o [ 32wl (320 = 32 nase = o)
b J J



Stability argument

° between two dynamics

dy," =)

1 ., 1 ., _ .
= _[§|ZINN|2 - 5|sz’“|2 + A, X |at
~C/N
4 Z ZVH (2N Z 7Ny
n S~——
T <C/N si iz

+ 2@ =7y awl+ (Y 2 = Y 2y - naB,
j i J

e Observe that yl}”i = YJTV A
o if no dt terms except O(1/N)
(VAR ANy

T . . T . .o
+ Eft Yz - ZMHP nEf, >z - szv’”fds = 0(:)
] 7 ]



Stability argument

° between two dynamics
aw =y
L _nviig 1N i i
= —[51Z)HP = S1Z P+ A X ar
2 2 S—————
~CIN
£, 2 @ =z ar
I <C/Nsi iz
Qg Ny j ij iy
£ @z aw] + (3 20 = 2V - as,
J J J
e Do as if | - [? is Lipschitz ~» take the square and E (®)

T N
Bl =n [ D -2
toa

<&l T|ZN”"" - ZNPds+ = 3R T|ZN“' — 2N ds
SN2 . s s N : . s s



Stability argument

° between two dynamics

w1
1 i 1 . , .
= _I:Elziv,l,l|2 _ E| I{V,l,l|2 + rN,l(l’Xl{V,l):Idt
S——
~C/N
+ Z Zi\’,l}/ (Zﬁv‘j‘i _ va‘i‘j)dt

T <IN si iz

F QU =2y aw (Y2 = Y 2 - naBy
j j j

° ‘ To handle the square ‘ ~» exponential transform = final result

T
i i c
E[ sup |Vi - Y] + Ef |Z! - 7Pt < —

0<t<T 0 N

e Inserting in the forward equation

dxN = —ZN s 4 dW! + pdB, ~ —ZN"dt + dW! + ndB,
t t t t t



Part VI. Convergence Problem

f. Fluctuations and deviations
[D., Lacker, Ramanan]



Nash Equilibrium

e N fixed ~ N player game equilibrium described by PDE system
o vVVi(¢, x) = equilibrium cost to player i when
the system starts from x = (x1, - - , xy) € (R?)" at time 1

e Trajectories at equilibrium

dX! = -9, Vi@, X}, -, XN)dt + dW, + ndB;

N
i 1
o Wit~ Ut i) =5 )

RS RS
oandN;(SX; zﬁtZ‘éX;

with  dX, = -0, U(1,X,, Zaﬂ dt + dW' + ndB,

1 1
e | Philosophy |is LDP/CLT are the same for N ; Oyi andﬁ ; 63,-



Principle CLT

e Call
ng = ‘/N(ﬂﬁv = M)
1 N
owith ¥ = v Z Syvi and = LX]|B)
=1
dx) = =9 Wi, XN XNNdr + dW; + ndB,

dX* = —0, Ut X", LX|B))dt + dW, + ndB,

o | Typical question ‘ ~» take ¢ smooth

@ = [ o =
o more generally
W =127 in C(0,T];H")
o H* dual space of H ~» H Hilbert space of test functions

H = Sobolev space of functions having A, derivatives with prescribed
polynomial growth [Hitsuda-Mitoma, Kurtz-Xiong, Méléard]



Principle

° ’ General principle ‘

o compute the cost for (1)), to be away from (u)y,<7

P((ﬂ?’)osst ~ (Vt)osst) ~ exp[—NI ((Vl)()sst)]

> I((v,)ogg) is the cost!

e | If 7 = 0| (no common noise), fixed initial condition =
Dawson-Gartner

T
IO((VI)OSIST) = %‘f; “"’f - szV’“idt

o _E f — lAf a (L[(t V) Vf ||y||2 _ Sup <Y9f>2
tvi) — 73 - Ux s Vi)t ’ Vi = — 5
’ vz (i [VA1P)



Part VI. Convergence Problem

g. Compactness methods
[Lacker, Djete]



General philosophy

o As before, take simple dynamics (without common noise)
dX! = aidt + dW!

o but do not use any knowledge about the limiting MFG (e.g. no
information about uniqueness/stability)

o Instead | address directly convergence ‘ of

N
1
N _ _
JTARES N iél 6X;,,,N, t€[0,T]

with (X*V ... x*NN) a Nash equilibrium
o weak convergence of
-1
Po(re[0.7]— i) eP(C0.T]:P®RY))?
On

o argue by compactness: call Q a limiting point of Oy




Relaxed controls

e As already mentioned ~» no compactness on feedback functions

e Embed controls into measures ~» g,(da)dt = 64,(da)
o reformulate the dynamics ~» dX, = f aq(da)dt + dW;
R4

o reformulate the cost in environment (i, )o<;<1

sk + [ [+ 4 [, taPaaw)



Relaxed controls

e As already mentioned ~» no compactness on feedback functions

e Embed controls into measures ~» g,(da)dt = 6,,(da)
o reformulate the dynamics ~» dX, = f aq(da)dt + dW;
R4

o reformulate the cost in environment (i, )o<;<1
T
1
Elecerun+ [ [0+ 5 [ | laPaao|d]
0 Rd

° : prove that, under limiting point Q, for a.e. (u;)o<i<7»

Uy = L(X;*Klls)()s.yst)
with
dxX* = f aq’* (1.X7 . (15)0<s<r)(da)dt + AW,
R4

where W 1L u



Relaxed controls

e As already mentioned ~» no compactness on feedback functions

° : prove that, under limiting point Q, for a.e. (uy)o<i<7»

= L(XF (uose<r)
with
dX? = f ag* (1. X} . (15 )os=0)(da)dt + WY,
R4

° : prove that, under limiting point Q, for a.e. (us)o<i<7,

r 1
EQ[g<X*,uT>+ f [f(X,*,ut>+§ f |a|2q*(r,xf,<us>0gsg)<da>]dr]
0 R4
Nn

1 .
= lim —ZE[g(X;s”N ’ﬂl}/)_,_f [f(X*zN,, —Nn)+ _| *an| ]dt]
n

n—oo -
i=1

*0L,N, _ %,iN, * o ,Nny
with ¢, =« (t, (X, )i=1,..N,



Identification of the limit

o It remains to prove that weak limits satisfy equilibrium condition!
Most challenging step in the proof

e | 3rd Step |: prove that for any other relaxed control ¢ (in feedback
form) and with

dx, = f ag(t, X, (15 )osser)(dadds + AW,
Rd

it holds that
r 1
23 ) + f [roxt i + 3
0

= fR g (6 X7 Gt osser) ]

T 1
SEQ[g(XT,MT)+ f [f(Xt* ,,ut)+§ f lal*q(t, X1, (is)o<s<r)(da)
0 R4

i



Identification of the limit

o It remains to prove that weak limits satisfy equilibrium condition!
Most challenging step in the proof

e | 3rd Step |: prove that for any other relaxed control ¢ (in feedback
form) and with

dXt = f aq(t, X,,/,tt)(da)dt + dW[
R4

it holds that

r 1
2t ) + f [roct i+ 3 f AP (1. X2 (s hosse) o]
0 R"'

T 1
< B0, ) + f [Foct o+ 5 f (s X )|
0 R4



Identification of the limit

o | 3rd Step |: prove that for any other relaxed control ¢ and with

dXt = f aq(t’ Xls /Jf)(da)dt + dWl
R4

it holds that

T 1
EQ[g(X*,ur) +f [f(X,* M)+ if lal*q* (1, X}, (lls)OSssz)(da)]df]
0 RY

T 1
sEQ[g<XT,uT>+ fo [f(Xt*,m)+§ fR laPy(t, X, )(da) dr]
TR
i b S el
\T,ngglo N, ; 8( )

+ fo T[f(xg?N Ty 4 -|q(t XN )| ]dt]

o with X"V playing q(t, X", """

playing a*¥V»

) and the others in y,






O Pass to the limit into
. . T
Jia',....a") = B[g(X}. 1)) + f (FXL i) + 5 |a (s, X1 )ds]|
0

~» take the coefficients to be locally Lipschitz
1) = fe )| < C(1+ [ + W) + MaG) + Ma()) (W = 2+ WaGu', 1))

o My = g Pdu(y)
0 Compare with X’ with X*/ and i with p where

dX} = 9 (1, X dt + dW!

0 Uniform controls on L? norms = error is mostly driven by

sup (E[IX] - X'P1'% + B[Wa (@, 1r)*]"?)
0<t<T

~~> analysis = forget r and focus on E[W(z*", u)* 12, where
N

" is empirical distribution of X', ..., X*
Xoell, g>4= N2 L n(N)14y)
(Dereich, Scheutzow, Schottstedt, 2013, Fournier, Guillin, 2015)



O Pass to the limit into
T
~ 1
J'B,....a") = Bg(X}, iy ") + f (PO E) + 510 5, X0 )ds |
0

~» where
dxXP = dr+aw,, p* = ot Z(SX,
~» up to O(1/N), suffices to handle
B2, 7)) + f (K272 + g s, X )|
~s up to O(N~V/mXED (] 4 In(N)1,-4)"/?), coincides with

T
E[g(X%. pir) + fo (f(Xf,ﬂS)+%I&xuﬂ(s,X'f)P)ds]



O Take a specific label i € {1,--- , N}
dXi = a(t,X!,--- XL XX )de + dW

oa:[0,T]x RHYN — R? arbitrary bounded feedback function

OForj#i
dx) = -9, V(t, X!, XL XL X de+ dW
O Then (see Friedman (70’s), Bensoussan and Frehse (80’s))

Wit x) = inf B| g}, i)
(04

T
o [ e+ ot XX et
t

1 N
_N,
WA =5 20y
=

~» optimal feedback is (7,x) — —(')X,.VN i(t,x)



O Master equation when 7 = 0
Ut x, 1) — Ld OU(t, v, 1) - 0, U, x, 1, v)du(v)
= 310Ut x, I +f(x, 1) + 3 Trace(92U(t, x, 1)
+1 fR ) Trace(d,d, U, x, )())du(v) = 0
O Take x = x; and u = ,ux v ZJNI 0y, for some x = (x1,- -+ ,xn),
U, x;, 1) - fR OU,, Y- 0, Ut xi, 7Y, v)dil (v)
= J10 Ut xi Y + f(xin 1Y) + 3 Trace(O2U(t, x;, /1))

f Trace(d,0, U(t, x;, 71 )())dizy (v) = 0
Rd



0 Expand ¢(L(X])) as

d[p(LX))]

E[b(X, LX) - 0,¢(LX))]at
+ %E[Trace(ﬁvﬁﬂﬂX,*, LX)))]at
~s get

d

- m@ifwmmwmmw
[t=0 R4

+l f Trace(d,0,¢(v, p))du(v)
2 R4



O Recall

(Pio)(L(X0)) = o(LX]))
~» therefore

(Pr_d)(LXF)) = (LX) = p(LKD)

= test how far

(Pro(i)

0<t<T

is from being constant?



0 Expand
d[PT—t(p(ﬂi\/)] = _aprft(ﬁ(ﬂiv)dt

1 & . .
+ N I_Zl BHPT*IQS(I‘[?/)(XJ : b(X[, ‘L(Xt ))dl
1 & '
+ N Z Trace(aval,PT_@(ﬁiV (X))t
1 N l
I_V;:a P d(@) XD - AW

N
! 7 i yi
+ 55 O Tracel P10, X
i=1



O Conclusion

z1a

B[y - Pro)] <
O Suffices to discuss

E[|Pr (o) - Pro@)| |

~~> Here, j1) i.i.d. sample from 10!



O Take backward SDE (say 1d to simplify)

T T T
Y, = f fuds + f Zds + f Z.dB,
t t t

O apply Itd’s formula

T T T
Y2+ f Z2ds =2 f Yi(fs + Zy)ds + 2 f Y,ZsdB
t 1 t

~» Take E and use Young’s type inequality
T
E[Y?] +E f Z2ds
t

T T
<CE f |Y,[*ds + €E f (f2 + Z%)ds
t t



