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Setting

Consider:

m a brownian motion (W;)c[o, 77 and its filtration (F).cqo, 7

m the control space U: all the square-integrable F;-measurable
stochastic processes (vt)¢c[o, 7] With value in U C R™

m the state variable (X;)¢c[o, 7] driven by the SDE:

{ dX; = F(Xp,ve)dt + o(Xe, ve) AW,

XtO = X,

. . to,X,
with solution X;°™".
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Setting

The stochastic optimal control problem is

V(t,x) = min {E[/tTE(X;’X’”,VS)ds + qb(X;’X’”)] }

veld
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Setting

The stochastic optimal control problem is

V(t,x) = min {E[/tTE(X;’X’”,VS)ds + qb(X;’X’”)] }

veld

Assumptions: 3K > 0 such that for all (t, x, y, u),
m [f(x,u) = f(y,u)| +[o(x,u) —o(y, u)] < K|x —y|
m [f(x,u)] 4 [o(x, u)] < K(1+ x| + |ul)
m [0(x, u)| + |o(x)] < K(1+ [u] + [x]?).

mf, o0, f, and ¢ are continuous.
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Discretization

Consider:
m a time discretization 0 = tg < t; < ... < ty = T, with
Ag = tyy1 — tk
m a sequence of i.i.d. random values &1, ..., &y with value 1 or
—1 with probability 1/2
m a measurable control process (vk)k—=o,... .n—1 in U

m the state variable ()NQ)tE[O,T] with the dynamic

Xiy1 = Xic + F(yro vi) Dk + o (i, vi)€x1vV Dk,
)N<k0 = X,

with the solution X,fo’x"’.
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Dynamic programming

The discretized problem

V(k,x) = min {E[Z,V:K(Xsk’x’u7 vs) + (Zs(X/I\(/’X’V)} }
s=k

veu

can be solved with the dynamic programming principle (DPP):

{ \N/(N>X): ¢(X)>

V(k,x) = mingey {K(X, u) +E[V(k+ 1,X,ff1’”)] }

By backward recursion, for k = N, ..., 0, we can compute V/(k,-).
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HJB equation (1)

In continuous time, the DPP writes, for any stopping time 7 > t,

{ V(T.x) = ¢(x)
V(t,x) = minyey {E[f: U(Xs™ vs)ds + V(7, X7 }
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HJB equation (1)

In continuous time, the DPP writes, for any stopping time 7 > t,

{ V(T.x) = ¢(x)
V(t,x) = minyey {E[f: U(Xs™ vs)ds + V(7, X7 }

Formally, considering a constant control v; = u and 7 = t + dt, we
obtain with [td's formula:

E [ JTOXEX vg)ds + V(r, XE<)
- E[e(x, u)dt + 9, V(t, x) dt + Vi(t, x)f (x, u) dt

+ Vi(t, x)o(t, x) dW; + 5 Vi(t, x)o(t, x)? dt|.
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HJB equation (2)

This leads to the HJB equation:
V(T,X) = ¢(X)v
-0V (t,x) = H(x, Vi(t,x), Vix(t, X)),

where the Hamiltonian is defined by

{E(X, u)+pTf(x,u) + la(x, u) " qo(x, u)}

H -
(x,p,q) 5

inf
uel

We compute from backward the functions V/(t, ).
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Generalities

The probability constraint (PC)
P[®(XT) > 0] > p

can be seen as an expectancy constraint:
E[l{oper)z0)] 2 p

and more general formulations can be considered,

E[®(X7)] > p.



Probability constraints
[ Jelele]

Generalities

The probability constraint (PC)
P[®(XT) > 0] > p
can be seen as an expectancy constraint:
E[l{oper)z0)] 2 p
and more general formulations can be considered,
E[®(X7)] > p.

In general, dealing with probability constraint is hard: example of a
two-stage stochastic linear problem with a discrete probability
distribution.
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Characterization

For all v € U, the PC holds if and only if there exist a
square-integrable process o and a martingale Z satisfying

dZt = Ot th7

the following dynamic:
Zy = P,

for all t, Z; € [0,1] a.s.

the inequality: Z?-’p’a < 1{¢(X0,x,u)>0}.
T =
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Characterization

Lemma

For all v € U, the PC holds if and only if there exist a

square-integrable process o and a martingale Z satisfying
the fO//OWing dynamicl- t Ot ty
2= p,

for all t, Z; € [0,1] a.s.

the inequality: Z?-’p’a < 1{¢(X0,x,u)>0}.
T =

The martingale Z; stands for the level of probability ensured at
time t.
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Proof

(«<=) Let (a, Z,v) such that (1-3) hold. Since Z is a martingale,

E[L{oxp)20)] = E[Z7] = p.
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Proof

(«<=) Let (a, Z,v) such that (1-3) hold. Since Z is a martingale,

E[L{oxp)20)] = E[Z7] = p.

(=) Let v be such that the PC holds. Set py = P[®(X7) > 0].
Note that py > p. Define the martingale

Ze = E[Lo(xr)z0l 7

Since Zr <1 as., then forall t, Z, < 1. Set Z' = Z — (po — p).
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Proof

(«<=) Let (a, Z,v) such that (1-3) hold. Since Z is a martingale,

E[L{oxp)20)] = E[Z7] = p.

(=) Let v be such that the PC holds. Set py = P[®(X7) > 0].
Note that py > p. Define the martingale

Ze = E[Lo(xr)z0l 7

Since Z1 <1 a.s., then for all t, Z, < 1. Set Z' = Z — (po — p).
Let 7 be the stopping time defined by

r=inf {t€[0,T], Z} <0}.

Finally, ZZ = Z!1{,<,) satisfies (2-3). The control a is obtained
by the martingale representation theorem.
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Application

Consequence of the lemma: the problem with probability
constraint can be solved by dynamic programming!

m Add a state variable Z controlled by «,

m add to the final-cost function

- if z<1
F(x,2) = { L CORY
+o00 otherwise.

Note that « is not bounded.
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Setting

Consider the dynamics:

dXt = f]_(Xt,l/t)dt“‘ U]_(Xt,l/t)th,
dYe = H(Xe, Yo, ve)dt + 02(Xe, Yi, ve) dW
and the problem of minimum wealth
v(t,x) = min {y, Jv such that ®(X7*Y, YZ*") > 0, a.s.}.

We assume that for all y > v(t,x), there exists v such that

OXF, YY) >0, as.
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Dynamic programming

In discrete time, with 0 = tg < t1 < ...ty = T, the DPP writes:

J(N,x) = inf{y, Bx,y) 2 0)
V(k,x) = inf {y, Ju such that \N’:jrxl’y’” > v(k + I,X:fiu),a.s.}.
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Dynamic programming

In discrete time, with 0 = tg < t1 < ...ty = T, the DPP writes:

J(N,x) = inf{y, Bx,y) 2 0)
V(k,x) = inf {y, Ju such that \N’:jrxl’y’” > v(k + I,X:fiu),a.s.}.

. . . . O kox,y,u vk,x,u
In continuous time, the inequality Y, 77" > v(k + L X
writes

y+f2(X7y> U)dt—|—0’2(X,y, U)th
>y 4 Opv(t,x)dt + vi(t, x)f(x, u) dt + vi(t, x)o1(x, u) dW;
+ %vxx(t,x)al(x, u)?dt.

and implies that the diffusions of the r.h.s. and the I.h.s. are equal:

o2(x,y, u) = vi(t, x)o1(x, u).
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HJB equation

We obtain the following HJB equation:

v(T,x) = inf{y, ®(x,y) > 0}
—0ev(t,x) = H(x,v(t,x), vi(t,x), vix(t, x))
with the Hamiltonian defined by

ming,cy {pfl(x, u) — h(x,v,u) + %vxxal(x, u)2}

such that oa(x, v, u) = vy (t, x)o1(x, u).

H(x,v,p,q) = {
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An example

Consider the dynamic

d)(i_L = O[tth
X(): X,

where the volatility « is not bounded, and the following problem:

V(t,x) = min {E[(b(X;’X’O‘)] }

[0
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An example

Consider the dynamic

d)(i_L = O[tth
X(): X,

where the volatility « is not bounded, and the following problem:

V(t,x) = min {E[(b(X;’X’O‘)] }

(0%
Then, the value function function is given by
V(t7X) — ¢COnV(X)’

where ¢“°" is the convex hull of ¢.
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Proof (1)

m V(t,x) > ¢°"(x). Let «, then by Jensens’ inequality,
E(6(XE™7) > 6°M(EXE) = 6™ (x).

m V(t,x) <o (x). Let x € R, let x9,x1 € R and A € [0, 1]
be such that

x=Mo+ (L=X)x1 and ¢ (x) = Ap(x0) + (1 — X)p(x1).
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Let K > 0, set vy = K and define the stopping time 7 by
7= inf {s > t, X505 ¢ [x0, x1] }
and the control v, = K1i<;. We can show that, when K — oo,

PIXE = xo] = A,
P[X;-’X’V/ =x1] = (1= N),
PIXEY € (x0,x1)] — 0.

Thus, E[p(X5)] — ¢™(x).
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Remarks

Note that in this special case,

m the Hamiltonian is given by

0 ifg>0

—o0 otherwise.

H(q) ZLHEiEg{qJ} :{

m in the HJB equation, the final cost has been convexified

m the minimum in the HJB equation does not provide the
optimal control.
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Application

For our problem,

m the value function is convex w.r.t. to Z (and to any state
variable with an unbounded volatility, dominating the drift)

m a convex hull must be computed at each step (in general)
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Application

For our problem,

m the value function is convex w.r.t. to Z (and to any state
variable with an unbounded volatility, dominating the drift)

m a convex hull must be computed at each step (in general)

m we may try and develop a cutting-plane method: a convex
function is represented with the supremum of affine functions

m we may compute the HJB equation satisfied by the Legendre
transform of V.
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Setting

Consider a risky asset of price S; and a non-risky asset of price B;
with the dynamic:

dS
S

dB;

25t _ e
B, '

L — udt + odW,,

The dynamics of the wealth A; and the liability L; is given by:

dl; = L(p/dt + o'dW,)
dA; =A (etdsf +(1—60,)%) + e dt
[ —I’)—i—r‘i‘Ct]dt‘i‘etAtO'th,

where the controls 8; and ¢; satisfy:

0: €10,1] and ¢ >0.
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Setting

The probability constraint ]P’[AT/LT > 1] > p is taken into
account with the variable Z satisfying

dZt = Oétd Wt
Z() = p.
We set
o(a,1,7) = { 0 if z <1513

+o00 otherwise.

The problem is the following:

V(t,a,l,z) = min {E[/T e Pcds + ¢(AT, LT,ZT)]}

0,c,a
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Minimum wealth

The problem of minimum wealth necessary to ensure the PC
without adding money is given by

v(t,/,z) = min {a, (0, ) such that Zr < 1ga, /1 ,>13,€¢ = O}.
In this situation the algebraic constraint on the controls is given by
Oao = lov(t,l,z) + av,(t,1,z)

and the Hamiltonian by H(t, (I,z),v,Dv, D2v) =

i vy — - 1p2 / 2
92}(')?1] {/,u vi—[0v(p —r)+ r] + 5D%v(lo’, a(0)) }
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Value function

For the initial problem, the value function V(t,a,/, z) is
m convex w.r.t. z
m S wrt oz, |
E O\ w.rt. a

Note that for all a > v(t,/,z), V(t,a,l,z) = 0.
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Value function

For the initial problem, the value function V(t,a,/, z) is
m convex w.r.t. z
m S wrt oz, |

E O\ w.rt. a
Note that for all a > v(t,/,z), V(t,a,l,z) = 0.

We minimize ¢ and (6, «) independently in the Hamiltonian. For
¢, we minimize (e %t — V,)c, then

mV,>—eft—¢c=0

mV,=—eft—c=7

BV, < —e Bt — = 4.



Example
[e]e]e] ]

Value function

For the initial problem, the value function V(t,a,/, z) is
B convex w.r.t. z
m S wrt oz, |
E O\ w.rt. a
Note that for all a > v(t,/,z), V(t,a,l,z) = 0.
We minimize ¢ and (6, «) independently in the Hamiltonian. For
¢, we minimize (e %t — V,)c, then
mV,>—eft—¢c=0
mV,= e ft—=c=7
BV, < —e Pt = c=+o0.

For (0, a), we minimize

DV, [0a(p—r) +r] + 4D?V(0ac, lo’, ).
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Future work

Theoretical issues:
m Well-posedness of HIB equation

m Proof of convergence of numerical schemes

Numerical issues:
m Convexification operations

m Implementation

General issue:

m More general risk constraints.
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Thank you for your attention!
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