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@ A possibly infinite set of basis functions
@ Max-plus linearity of Lax-Oleinik semigroup

@ Possibly "high” dimensional optimal control problem (6
to 15)
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Maxplus algebra

@ Maxplus semiring
Rmax = (RU {—00}, B, ®)
a®@b:=max(a,b), a®b:=a+b
@ Maxplus semimodule (" vector space”) of functions
X C RY (state space)
F:={f: X = Rpna} (value function space)
(A.f)»heh (L) —Aaf
where
fi ® f(x) := max(fi(x), r(x)), x € X
AR f(x)=A+f(x), xeX.
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Maxplus projector

@ Basis functions
B = {Wi X = Rmax}ieh
@ Subsemimodule (subspace) generated by B

Span B = {@I)\i®wi A e RS
e

@ Maxplus projector on Span B
Pplf] = Sup{i~r € SpanB : ?g f} =sup i+ w;
il
where
A = inf f(x) — w;(x).

xeX
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Maxplus projector

@ Basis functions
B = {Wi X = Rmax}ieh
@ Subsemimodule (subspace) generated by B

SpanB = {@)\,@)Wl A€ er'nax} = {SUP)\/+Wi tAE IR:nax}'
iel i€l

@ Maxplus projector on Span B
Pplf] = Sup{i~r € SpanB : ?g f} =sup A+ w;
il
where
Ai = inf f(x) — w;(x).

xeX
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Examples of max-plus projector

x2 e
f(X) =7
B = {x,—x} Pp[f] =sup(x — 1, —x — 1)

Basis functions of linear forms:

B = {<QIaX>}i:1wa

Adapted to convex proper Isc functions.
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Examples of max-plus projector

@ Basis functions of quadratic form:
1 T
B={-5x=x) Clx—xi)}iz1..p
where C is a symmetric positive-definite matrix.

o Adapted to C-semiconvex functions (f(x) + 2x' Cx is
convex).
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Examples of max-plus projector

_ x? (x—1.8)2 (x—35)? (x+4)?
b= {_?’_ 2 T 2 » 2 }

f(x) =sin(x) : 1—semiconvex
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Examples of max-plus projector

X (x—18)*  (x—35) (x+4)
B=1=75~ T T g )

f(x) =sin(x) : 1—semiconvex

@B[f] .
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Max-plus algebra

@ Max-plus semiring

Rimax = (RU{_OO}7 ®7®)
ad®b:=max(a,b), a®b:=a+b

@ Max-plus semimodule of functions

F={f: X—>Rpn}, XCR?
(fi.h) > heh, (Af)=Aaf

where

f @ h(x) = max(f(x), f(x)), x X
AR f(x)=A+f(x), xeX.
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Min-plus algebra

@ Min-plus semiring

Riin = (RU {+OO}7/\’®)
aAb=min(a,b), a®b:=a+b

@ Min-plus semimodule of functions

G:={g: X =R}, XCR?
(fB) = heh (M—ASF

where

f @ h(x) = max(f(x), f(x)), x X
AR f(x)=A+f(x), xeX.
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Min-plus algebra

@ Min-plus semiring

Riin = (RU {+OO}7/\’®)
aAb=min(a,b), a®b:=a+b

@ Min-plus semimodule of functions

G:={g: X = Run}, XCR’
(g1.82) > &1 N&, (5.8)—>s®g

where

g1 N\ &(x) = min(g1(x), &2(x)), x € X
s®g(x)=s+g(x), x € X.
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Max-plus projector

@ Basis functions
B = {Wi X = Rmax}ieb
@ Subsemimodule generated by B

SpanB:={@\®@w;: A€ R/ }.
iel

@ Max-plus projector on Span B
Pylf] .= sup{F € SpanB: f < f} = sup\; + w;
icl

where

/\,' = inf f(X) — W,'(X).

xeX
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Min-plus projector

@ Test functions
Z = {Zj X = Rmin}je_l'
@ Subsemimodule generated by B

SpanB:={@\®@w;: A€ R/ }.
iel

@ Max-plus projector on Span B
Pylf] .= sup{F € SpanB: f < f} = sup\; + w;
icl

where

/\,' = inf f(X) — W,'(X).

xeX
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Min-plus projector

@ Test functions
Z = {Zj - X — Rmin}je_/-

@ Subsemimodule generated by Z
SpanZ = { As®z;:s € R.. } = {infs+z;: s € R.. 1.
— jed jed

@ Max-plus projector on Span B
Py(f] .= sup{F € SpanB: f < f} = sup\; + w;
icl

where

/\,' = inf f(X) — W,'(X).

xeX
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Min-plus projector

@ Test functions
Z = {Zj X = Rmin}je_j.

@ Subsemimodule generated by Z

SpanZ = { As®z;:s € R.. 1 = {infs+z;: s € R, 1.
— jed jed

@ Min-plus projector on SpanZ
PZ[g] :=inf{g € SpanZ : g > g} = i'nﬂsj +z;
2Panh n
where

s = sup g(x) — z;(x).
xeX
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Example of min-plus projector

Lipschitz finite element test functions :
[Akian,Gaubert,Lakhoua06]

Z ={allx = yjlli}j=1....q-

Adapted to Lipschitz continuous functions with Lipschitz
constant L < a.
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Example of min-plus projector

T T
zZ = {|X|7 |X_7T|7 |X_ §|7 ’X+7T|7|X+ §|}

g(x) = cos(x) :  1—Lipschitz
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Example of min-plus projector

T T
Z = {’X|7 ‘X_,/T‘a ’X_ 5’7 ’X—l—ﬂ",'X—l— E’}

g(x) =cos(x) : 1—Lipschitz
Z*gl:
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Maxplus finite element projector

@ Define the max-plus scalar product

(g|f) :==supf(x) —g(x), ge€g,feF.

xeX
e Two functions f and f

f<f<:><g|f> (g|f> Vg € G.
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Maxplus finite element projector

@ The Max-plus projector equals to
Pp|f] = sup{f € spanB: f < f}
= sup{f € spanB: (g|f ) < (g|f),g € G}.

@ Analogous as in Petrov-Galerkin Method
A finite set of basis functions B C F, a finite set of test
functions Z C G

NZ[f] := sup{f € Span B : (z|f) < (z|f),Vz € Z}

Theorem ( [Cohen,Gaubert,Quadrat 96])

H§:@BOWZ.




Maxplus basis methods Maxplus projectors
Optimal control problem
Maxplus basis methods
Error estimates

Example of max-plus finite element projector

Basis functions (quadratic finite element):
1 T
B = {—E(X —x;) C(x —x;)}iz1,p
Test functions (Lipschtiz finite element):

zZ = {aHX - yj||1}j:1,...7q-
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Example of max-plus finite element projector

B = {=|xI*, =Ix £ 15", =[x £ 3]%, =[x +- 4]*}
™
Z={|x|,|x £, |x £ E|}
f(x) = cos(x)
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™
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Example of max-plus finite element projector

B={—|x|*,—|x £ 15 —|x £ 3]?, —|x £ 4]*}
T
2 = {lxl, be el be )
f(x) = cos(x)
P o PZ[f] :

v
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Deterministic optimal control problem

@ State space X C R, control space U
@ Value function at time T:

Vr(x) = sup / ((x(s), u(s))ds + S(x(T))

ucelr

with state dynamic:

x(s) = f(x(s),u(s)), se€0,T)
x(0) = x.

where

Ur = {u € L*([0, T]; U)}.
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Optimal control problem/Lax-Oleinik semigroup

@ Dynamic programming principle:

Vt+T:5T[Vt]7 th0,0STS T_t
where the Lax-Oleinik semigroup (5%)>0 : F — F is
defined as:

t
SH V] =V, = sup/ U(x(s),u(s))ds + Vo(x(t))
u Jo
@ Hamiltonian

H(x,p) :=sup < p, f(x,u) > +(x, u).
ucl
e HJB PDE

oV, Ve, B
“or THe =0 =0

Zheng QU
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Optimal control problem/Lax-Oleinik semigroup

o Vt >0, A€ Rnux, 9,0 € F,

St[sup(e, ¥)] = sup(S*[g], S*[¥])
SHA+ @] = A+ St[¢]
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Optimal control problem/Lax-Oleinik semigroup

o Vt >0, A€ Rnux, 9,0 € F,

St[sup(e, ¥)] = sup(S*[g], S*[¥])
SHA+ @] = A+ St[¢]

o Maxplus linearity: Vt > 0, A € Ry, 0,9 € F,

Stle @y = S*lo] @ SYl
Sr@d] =A@ S'gl
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Maxplus basis method: general principle

@ Chose a set of adapted Basis functions
B = {Wi}ie/
@ Discretize over time interval [0, T]
t=0,72r,...,T.

@ Propagation principle
o At time t,

V, ~ V, = sup \f +w; € Span .
iel
o At time t+ 7,
Viir = STIV] 2 STVA] = sup AL + S7[w]
icl
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Maxplus basis method: general principle

@ Propagation principle
o At time t,
Vi ~ Vi = sup At + w; € Span B.
iel
o At time t+ T,

Vigr = ST[Vi] = ST[Vi] = sup Af + S7[w]
iel

e Change the problem of solving ST[#] to solving S™[w;]
e Short horizon 7, regularizing function w; (ex. quadratic
function)
o Approximation of the semigroup S”[w;] by 57[w;].
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Maxplus basis method: general principle

@ Propagation principle
o At time t,

V, ~ V, = sup A + w; € Span .
iel

o At time t+ T,
Veer =~ ST[¥] = sup Xl + 57 [w)]
i€l
~ sup Al 4+ 57[w;] (approximation)
iel

~sup A;"7 +w; (projection)
iel
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Maxplus basis method [Fleming,McEneaney 00]

e Finite quadratic basis functions

B = {Wi}i:1,...,p
1

where w; = —2(x — x;) T C(x — x;).

@ Technical assumptions
Al. V; is C-semiconvex.

A2. S7[w;] is C-semiconvex for i =1,...,p.
@ Propagation principle
o Attime t, Vi ~ Vi =sup Al +w;.
icl
o At time t+ T,

Vipr @ MeSTw]l~ @ Mo (PsolSTw])
=1,...,p =

1—17~~~7P
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Maxplus basis method [Fleming,McEneaney 00]

@ Define a p X p matrix B by:
Bji = Xlgi ST[Wi](x) — w;(x)

so that N
,@BOST[W,-]: D BJ,®WJ
J=1,...p

@ Recursive form

)\t-‘r'r —_ B®)\t
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Maxplus basis method [Fleming,McEneaney 00]

@ Define a p X p matrix B by:
B = inf $7wil(x) - w;(x)

so that

PsoSw]l= © Biow,
P
@ Recursive form (Polynomial algebraic operations)

Af-‘rT — B®)\t
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Maxplus finite element method [Akian, Gaubert,Lakhoua06]

e Finite quadratic basis functions
1
B ={wi(x) = —5(x -~ ) C(x = %) }izt, o

@ Lipschitz finite element test functions:

Z ={zj(x) = allx = yill1}j=1...q
@ Technical assumptions

Al. V;is C-semiconvex and Lipschitz continuous of
Lipschitz constant L < a, forall t =0,7,..., T.

A2. S7[wj] is Lipschitz continuous of constant L < a, for all
i=1,...,p.

Zheng QU


http://hal.inria.fr/docs/00/07/13/95/PDF/RR-5874.pdf

Maxplus basis methods Maxplus projectors
Optimal control problem
Maxplus basis methods
Error estimates

Maxplus finite element method [Akian, Gaubert,Lakhoua06]

@ Propagation principle

o Attime t, V; ~ V; = sup A\l + w;.
icl
o At time t+ 7,

Vt—i—T—. EB >\t®57[W:]Nn [ @ At@ST[W’]]
1,...p 1,...p

@ Define two g x p matrices K and M by:
My = (zjlw;), Ky = (2|57 [wj])
@ Recursive form:

ANFT = min (—M; + max (K + AL)).
./717 q , P
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Maxplus finite element method [Akian, Gaubert,Lakhoua06]

@ Propagation principle

o Attime t, V; ~ V; = sup A\l + w;.
icl
o At time t+ 7,

Vt—i—T—. EB >\t®57[W:]Nn [ @ At@ST[W’]]
1,...p 1,...p

@ Define two g x p matrices K and M by:
Mj = (zjlwi),  Kji = (2|57 [wi])
@ Recursive form: (Polynomial algebraic operations)

AT = min (=M 4 max (Kj+ Q).
Jj=1,....q 1,...,p
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Comparison of the two methods

@ [Fleming,McEneaney 00]

Vipr ~ Vm:_ @ At®93o5 [w;].

.....

@ [Akian,Gaubert,Lakhoua06]

Vt+7._ t+7_—e@30g22[ EB )\t®5T[W:]]

.....

= When Z =G, V, < V, and 5™ < 57, we have

Vitr 2 t+r_32305 [Vt]> t+

T*
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Comparison with dual dynamic programming

Dual Dynamic Programming  Maxplus Basis Method

@ Only for concave @ Value functions need to be
(maximisation) optimal semiconvex (less restricted
control problems condition)

° \71‘ > Vi ° \N/t <V

e Forward < Backward @ Single sense propagation
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Error estimates

@ [Akian,Gaubert,Lakhoua06]

~ T e
IV = VEllwox < (14 —)( max [[S7[wi] = S7[willlx

=1,...,

+ _max Ve — Z5[ Vil oo x

t=0,T,...

+  max ||Vt—<@Z[Vt]||oo7x)

t=0,7,..., T
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Error estimates

@ [Akian,Gaubert,Lakhoua06]

. T
V7 = VEloex < (1+ —)( [max || S{wi] — 57 [willloc x

+ max Vi~ Zg Vil lx
£ max Ve = 27[Villwx)

@ Their estimates also apply to [Fleming,McEneaney 00]:

. T
IVr = Pl < (L4 ) ma 1570 = §7Twillx

.....

.....
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Error estimates

@ Approximation of the semigroup (Euler scheme)
STw;] ~ ET[W,-] =w; + TH(x, Vw;).
When X is bounded, under some technical assumptions,

max || STwi] — 57[wi]|e.x ~ O(7%).

i=1,...,

@ Maxplus projection error of a C-semiconvex function f
1Z5[f] = flloc.x
where B = {—3(x — x;) T C(x — x;) }i=1,...p-
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Maxplus projection error: an upper bound

Theorem ( [Akian,Gaubert,Lakhoua06])

Let X be a compact convex subset of R and f be a
C-semiconvex function and Lipschitz continuous of Lipschitz
constant L, then

| Z5[f] — flloox < |C|,0()A(;x1, . ,xp)diam)‘{\

where X = X + B(0, |—é|) and p(X;x1, ..., %) '
is the maximaj radius of the Voronoi cells
of the space X divided by the points {x1,...,Xp}.
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Maxplus projection error: an upper bound

Theorem ( [Akian,Gaubert,Lakhoua06])

Let X be a compact convex subset of R and f be a

(C — «)-semiconvex function and Lipschitz continuous of
Lipschitz constant L, then

p(Xix, ..
e}

X

)2
P7_diam X

Y

1Z5[f] = fllox <
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Maxplus projection error: an upper bound

We have
| 2581f] = Flloox < O(p(Xix1, ..., %5)%)

It is known (covering surface with
discs [Hlawka 49, Rogers 64]) that:

min p(X;x,..., %) ~ O(—), as p — +00

X1e-9Xp

o
Q= =

Therefore, the minimal number of basis functions p(e) needed
to obatin an error of order O(¢) is bounded by

p(e) < ()

€2
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Maxplus projection error: an asymptotic estimates

Strong analogy between

vaering a convex body b_y a Projecting a convex function
circumscribed polytope with into a max-plus linear
at most p faces subspace generated by at

Asymptotic estimates for best
approximation of convex bodies

bv P.M.Gruber

most p linear basis functions
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Asymptotic estimates for best max-plus projection

Analogous result of [Gruber 93, Gruber 07]

Theorem ([Gaubert,McEneaney,Qu 11])

Let X be a compact convex set and f € C?(R? : R) be a
convex function such that f"(x) > 0, Vx € R9. Then,

mln ||@B[f]—fHOOX~O( ) as p — 0o

m|n ||<@B[f] — f||1x ~ O(

Lyeeey P

), asp — oo

o i
am| Foan| F

Zheng QU


http://ieeexplore.ieee.org/xpl/articleDetails.jsp;jsessionid=JhFTPTPGgyvyFLYwn7Tj1v7LnJndyJcdh2TjhCzx1dKQsTHSnzDZ!24265148?arnumber=6161386&contentType=Conference+Publications

Maxplus basis methods Maxplus projectors
Optimal control problem
Maxplus basis methods
Error estimates

A negative result

Corollary

Minimal number of linear forms p(e) to reach an
approximation of order O(e) is of order:

A negative result for the max-plus basis method

Zheng QU



Maxplus basis methods Maxplus projectors
Optimal control problem
Maxplus basis methods
Error estimates

A negative result

Corollary

Minimal number of linear forms p(e) to reach an
approximation of order O(e) is of order:

A negative result for the max-plus basis method and for the
dual dynamic programming method.

Zheng QU
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Asymptotic estimates for best max-plus projection

Analogous result of [Gruber 93, Gruber 07]

Theorem ([Gaubert,McEneaney,Qu 11])
Under the same assumptions, as p — o0,

C C
min [ Z5[f] = flloox ~ —i> min || Zs[f] — Fllox ~ —
1y---5Xp pd pd

where

d+2
d

G = a1< /X (det(f(x))) 72 dx)
G = a2< /X (det(f"(x)))%dx)‘2’
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Maxplus distributive property Infinite version of Maxplus distributive property
Idempotent algorithm for stochastic control

Maxplus distributive property

@ Finite distributive property

(@ a)( & b)=da®b
I7.I

i=1,....p Jj=1,....q
@ Infinite distributive property
Let / ={1,...,p} and (W, B(W),PP) be a probability
space. Let h: W x | — R be a measurable function.
Under some technical assumptions, it is known that

Theorem (see [McEneaney 09] )

/W sup h(w, i)dP = sup/W h(w,i(w))dP

iel iez
where T = {i : W — | measurable} is the strategies.

Zheng QU
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Maxplus distributive property Infinite version of Maxplus distributive property
Idempotent algorithm for stochastic control

Stochastic control problem

@ Problem statement

Let (Q, F, F;,P) be a filtered probability space and B a
F-Brownian motion. Let U{; denote the set of
Fi-progressively measurable controls, taking values in U.
Consider the following stochastic control problem:

Vrl) 1= sup B [ U(e,u)de + 0(6(r)

where the dynamic is given by
dé =f(& u)ds + o(§,u)dBs, s €[0,7]
£(0) = x



Maxplus distributive property Infinite version of Maxplus distributive property
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|ldempotent algorithm for stochastic control

@ Dynamic programming principle
Vt+7’ = ST[Vt]

where the semigroup (5%):>0 is defined by:
t

S'l¢] == sup B[ | £(¢, u)de+o(£(1))]
uely 0
@ Propagation steps [Kaise,McEneaney 10]

o At time t, Vi~ sup ¢;
i=1,...,p
o At time t + T,

Vitr =~ S7[sup ¢/]

~ sup 7(x, u) + E[sup ¢i(x + 7f(x, u) + o(x, u)w)]
uel i

Zheng QU
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Infinite version of Maxplus distributive property

Maxplus distributive property
Idempotent algorithm for stochastic control

|ldempotent algorithm for stochastic control

@ Propagation steps [Kaise,McEneaney 10]
o Attime t, Vi~ sup ¢;

o At time t+ T,

Vitr o sup 74(x, u) + E[sup ¢;(x + 7f(x, u) + o(x, u)w)]
uel i

= sup sup/ Tl(x, u) + ¢=(x + f(x, u)T + o(x, u)w)dP;
ueUjez JR™

where T = {i : R™ — {1,...,p}} and P, is the
distribution of a Gaussian r.v. with mean 0 and
covariance 7/.

Main technical issue: pruning an infinite number of functions.

Zheng QU
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Maxplus distributive property Infinite version of Maxplus distributive property
Idempotent algorithm for stochastic control

Main technical issue

Let / be an infinite set. The main technical issue is to
approximate the function

sup ¢;

icl

Sup(¢i1v ¢i27 R ¢ik)

Zheng QU



Maxplus distributive property Infinite version of Maxplus distributive property
Idempotent algorithm for stochastic control

Main technical issue

Let / be a finite set. The main technical issue is to
approximate the function

sup ¢;

icl

Sup(¢i1v ¢i27 R ¢ik)

Zheng QU
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Experimental results

Infinite horizon switched problem [McEneaney 07]

@ Infinite horizon switched optimal control problem:

]
1
V(x) = sup sup sup / (T D Ox(E) + (YT x(t)
u pu T>0J0 2
2

+ o) - %|u(t)|2dt,
where the state dynamics are given by
x(t) = AMOx(t) + f‘;(t) + " Ou(t), xp = x,

@ Arising from nonlinear robust H,, control, nonconvex
problem.

Zheng QU
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Maxplus propagation
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Experimental results

McEneaney's COD free problem [McEneaney 07]

@ The semigroup associated to the switched problem:

Sto)(x) = Slip szp/ot%x(t)TDu(t)x(t) + (élll(t))Tx(t)

+ a0 — L Ju(t)Pdt + o(x(2)).

@ The Hamiltonian: H = sup,,c; _» H™(x, p) where

1 1
H™(x,p) = 5x' D™x+ Sp'X"p+ (A"x) " p
+(M x + (65 p+ ™.

Zheng QU
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McEneaney's COD free problem [McEneaney 07]

@ Under some technical assumptions (on the finiteness of
the value function of the infinite horizon problem), it is

shown that :
V(x) = lim ST[0]

T—+o00

is the unique viscosity solution of

H(x,VV)= max H"(x,VV)=0

m=1,....M

in a class of bounded functions.
@ Finite horizon approximation

V(x) =~ Vr(x) = ST[0](x).


http://maeresearch.ucsd.edu/mceneaney/pubs/codann-siam.pdf

COD free problem statement

Maxplus propagation
McEneaney’s COD free problem Pruning algorithms

Experimental results

Max-plus basis method [McEneaney 07]

@ Finite horizon approximation
V(x) ~ Vr(x) = ST[0](x).

@ Maxplus propagation
o Discretize the time interval [0, T] into {0, 7,27,..., N7},
o At time t,
Ve~ V, = sup ¢f
i=1,...,q¢

where {¢!}; are quadratic affine functions.
o Attime t+ T,

Verr = STVl = sup ST[4]].

’:17"'7qt

Zheng QU


http://maeresearch.ucsd.edu/mceneaney/pubs/codann-siam.pdf
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Approximation of the semigroup [McEneaney 07]

@ For each m=1,... M, define the semigroup associated
to H™

510100 = sup [ Sx(e)D"x(x) + () x(1)

+a™ — %z\u(t)|2dt + o(x(t)).

where the dynamics are given by
x(t) = ATx(t) + 5 + cMu(t), x = X,

SE[¢] is a quadratic affine function if ¢ is. (Riccati)
@ Approximation of S”

T ~v T
ST~ sup S,
m=1,....M

Zheng QU
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Experimental results

Maxplus propagation [McEneaney 07]

@ Propagation principle
o At time t,

t
Vi Vi= sup ¢;
i=1,...,q¢

o At time t+ T,

Vigr >~ ST[\N/t] = IUP ST[CZ’”
1=1,...,q¢

~ sip  sup Splo]

i=1,...,qem=1,...,.M

Zheng QU
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Maxplus propagation
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Experimental results

Maxplus propagation [McEneaney 07]

@ Propagation principle
o At time t,

o At time t+ T,
Verr = STI] = sup_S7[gf]
I=1,...,qt
~ sup  sup Splo]
M=~

i=1,....,qem=1,..., - -
Riccati

Zheng QU
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Curse of complexity

Theorem ([QU 12])

Under certains technical assumptions, the number of algebraic
operations of the COD free max-plus method to obtain an
error € is of order:

O(|M|OC e/ g3)  as € — 0

@ The number of quadratic functions is multiplied by M at
each steps. At the end of N steps, the number of basis
functions is MV,

@ Such can be reduced by carring on
pruning operations.

Zheng QU
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Pruning operation:

N *

gb - sup(¢green; Qbreda ¢violet7
¢yellowv ¢black7 ¢blue)

Zheng QU




COD free problem statement

Maxplus propagation
McEneaney’s COD free problem Pruning algorithms

Experimental results

Pruning operation:

N * X

gb - sup(¢greenu Qbreda ¢violet7 gb - sup(¢greena ¢blacka belue)
¢yellowv ¢black7 ¢blue)

Zheng QU
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Experimental results

Pruning algorithms

Let Q1,...,Q, be (d + 1) x (d + 1) symmetric matrices such
that the quadratic functions are given by

di(x) = (xT 1)Q,-<’1<>, i=1,....n

1 Pairwise pruning
i > ¢j & Qi > Q; = Remove the function ¢;
2 Global pruning

sup ¢; > ¢; = Remove the function ¢;
i#j

Zheng QU
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Pruning algorithms

@ Importance metric

¢j(X) — SUPj; di(x)

sup ¢; > ¢; < v; ;= su <0
#5?(25 > ¢ j . 1+ |x2 =
v; is called the of the function ¢;.

e Optimisation form

Vi =max v

v < ZT(QJ- —Q)z, Vi#]j

zTz=1.

Zheng QU
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Pruning algorithms

Optimisation problem SDP relaxation

Vi =max v Vi =max Vv
v<z'(Q — Q)z v < trace((Q; — Qi)2)
zTz=1. Z >0, trace(Z) = 1.

v

e Conservative pruning[McEneaney,Deshpande, Gaubert 08]:

7; <0 = 1v; <0=: Remove the function ¢;.
@ Over-pruning[McEneaney,Deshpande,Gaubert 08]:
sort 7;, keep at most k functions and prune the rest.

Zheng QU
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Pruning algorithms: a combinatorial modelisation

e Discrete points X = {x1,...,xn} C R9. The lost at
point x, if we remove the function ¢; is:
C( .7 k) = Sup ¢/(Xk) — sup ¢I(Xk) > 0
i#j
@ Combinatorial optimisation problem

e Minimizing the average lost — discrete k-median
problem:

min Z[mm c(y, k)] -

ISI=

e Minimizing the maX|maI Iost — discrete k-center
problem:

min  ma min c(J, k
|5\Ikk l,X,N[EI Gl -

Zheng QU
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Pruning algorithms: distribution of witness points

Zheng QU
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Pruning algorithms: generation of witness points

[Gaubert,McEneaney,Qu 11]

Optimisation problem SDP relaxation

V; =max v Vi =max v
v<z'(Q — Q)z v < trace((Q; — Qi)2)
zTz=1. Z >0, trace(Z) = 1.

4

Randomization technique [Aspremont,Boyd 03]: For each
function j, let Z; be the optimal solution of the SDP, generate
random points of distribution A/(0, Z;).
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Experimental results

The method has been applied to a quantum optimal control of
dimension 15 where the state space is the unitary group
SU(4), see [Sridharan,James,McEneaney 10].

Zheng QU
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Experimental results

Instance : d =6, M =6 Backsubstitution error at point x :
H(x, VV(x)).

backsubstitution error at iteration 1, time step h=0.1 backsubstitution error at iteration 25, time step h=0.1

backsubstitution error H
backsubstitution error H

2 2

x2-axis x1-axis x2-axis o x1-axis

Zheng QU
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Experimental results

M=6,d=6
Average backsubstitution error evolution obtained using 4
different pruning algorithms

time step h=0.1 time step h=0.05

Average backsubstitution error
Average backsubstitution error

Iteration number

Zheng QU
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M=6 d=6

Average backsubstitution error evolution

time step h=0.1

[McEneaney Desphande, SG 08]

Average backsubstitution error

[SGMcEneaney,QU 11]

15 20 £
Iteration number

time step h=0.05

\ ¢ [McEneaney Desphande, SG 08]
VERS:

T AAvAY

Average backsubstitution error

02 [SG McEneaney,
015
01
10 15 20 25 30 35 a0 5 50

Iteration number
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Conclusion and perspectives

Conclusions and perspectives

@ New class of numerical method
e Analogous max-plus approach of finite element method
@ Curse of dimensionality is inevitable
e Structured problem
@ Curse of dimensionality converted to curse of complexity
@ Pruning is essentiel and it works
@ Current works

o Apply the COD-free approach to more general
Hamiltonian
H ~ sup H™
m

e Second order HJB PDE

Zheng QU
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