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Maxplus algebra

Maxplus semiring

Rmax = (R ∪ {−∞},⊕,⊗)

a ⊕ b := max(a, b), a ⊗ b := a + b

Maxplus semimodule (”vector space”) of functions

X ⊂ Rd (state space)

F := {f : X → Rmax} (value function space)

(f1, f2)→ f1 ⊕ f2, (λ, f )→ λ⊗ f

where

f1 ⊕ f2(x) := max(f1(x), f2(x)), x ∈ X

λ⊗ f (x) = λ + f (x), x ∈ X .
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Maxplus projector

Basis functions

B = {wi : X → Rmax}i∈I .

Subsemimodule (subspace) generated by B

SpanB := {⊕
i∈I
λi⊗wi : λ ∈ RI

max}

= {sup
i∈I

λi+wi : λ ∈ RI
max}

.

Maxplus projector on SpanB

PB[f ] := sup{f̃ ∈ SpanB : f̃ ≤ f } = sup
i∈I

λi + wi

where
λi = inf

x∈X
f (x)−wi(x).
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Examples of max-plus projector

f (x) = x2

4

B = {x ,−x} PB[f ] = sup(x − 1,−x − 1)

Basis functions of linear forms:

B = {〈qi , x〉}i=1,...,p

Adapted to convex proper lsc functions.
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Examples of max-plus projector

Basis functions of quadratic form:

B = {−1

2
(x − xi)

>C (x − xi)}i=1,...,p

where C is a symmetric positive-definite matrix.

Adapted to C -semiconvex functions (f (x) + 1
2
x>Cx is

convex).
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f (x) = sin(x) : 1−semiconvex
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Min-plus projector

Test functions

Z = {zj : X → Rmin}j∈J .

Subsemimodule generated by Z

SpanZ := { ∧
j∈J

sj⊗zj : s ∈ RJ
min} = {inf

j∈J
sj+zj : s ∈ RJ

min}.

Max-plus projector on SpanB

PB[f ] := sup{f̃ ∈ SpanB : f̃ ≤ f } = sup
i∈I

λi + wi

where
λi = inf

x∈X
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Min-plus projector

Test functions

Z = {zj : X → Rmin}j∈J .

Subsemimodule generated by Z

SpanZ := { ∧
j∈J

sj⊗zj : s ∈ RJ
min} = {inf

j∈J
sj+zj : s ∈ RJ

min}.

Min-plus projector on SpanZ

PZ [g ] := inf{g̃ ∈ SpanZ : g̃ ≥ g} = inf
j∈J

sj + zj

where
sj = sup

x∈X
g(x)− zj(x).
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Example of min-plus projector

Lipschitz finite element test functions :
[Akian,Gaubert,Lakhoua06]

Z = {a‖x − yj‖1}j=1,...,q.

Adapted to Lipschitz continuous functions with Lipschitz
constant L ≤ a.
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2
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π
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g :
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Maxplus finite element projector

Define the max-plus scalar product

〈g |f 〉 := sup
x∈X

f (x)− g(x), g ∈ G, f ∈ F .

Two functions f and f̃

f ≤ f̃ ⇔ 〈g |f 〉 ≤ 〈g |f̃ 〉, ∀g ∈ G.
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Maxplus finite element projector

The Max-plus projector equals to

PB[f ] = sup{f̃ ∈ spanB : f ≤ f̃ }
= sup{f̃ ∈ spanB : 〈g |f̃ 〉 ≤ 〈g |f 〉, g ∈ G}.

Analogous as in Petrov-Galerkin Method
A finite set of basis functions B ⊂ F , a finite set of test
functions Z ⊂ G

ΠZB [f ] := sup{f̃ ∈ SpanB : 〈z |f̃ 〉 ≤ 〈z |f 〉,∀z ∈ Z}

Theorem ( [Cohen,Gaubert,Quadrat 96])

ΠZB = PB ◦PZ .
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Example of max-plus finite element projector

Basis functions (quadratic finite element):

B = {−1

2
(x − xi)

>C (x − xi)}i=1,...,p.

Test functions (Lipschtiz finite element):

Z = {a‖x − yj‖1}j=1,...,q.
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Example of max-plus finite element projector

B = {−|x |2,−|x ± 1.5|2,−|x ± 3|2,−|x ± 4|2}

Z = {|x |, |x ± π|, |x ± π

2
|}

f (x) = cos(x)
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Deterministic optimal control problem

State space X ⊂ Rd , control space U

Value function at time T :

VT (x) := sup
u∈UT

∫ T

0

`(x(s),u(s))ds + φ(x(T ))

with state dynamic:

ẋ(s) = f (x(s),u(s)), s ∈ [0,T )

x(0) = x .

where
UT := {u ∈ L2([0,T ]; U)}.
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Optimal control problem/Lax-Oleinik semigroup

Dynamic programming principle:

Vt+τ = Sτ [Vt ], ∀t ≥ 0, 0 ≤ τ ≤ T − t

where the Lax-Oleinik semigroup (S t)t≥0 : F → F is
defined as:

S t [V0] := Vt = sup
u

∫ t

0

`(x(s),u(s))ds + V0(x(t))

Hamiltonian

H(x , p) := sup
u∈U

< p, f (x , u) > +`(x , u).

HJB PDE

−∂Vt

∂t
+ H(x ,

∂Vt

∂x
) = 0, V0 = φ

Zheng QU
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Optimal control problem/Lax-Oleinik semigroup

∀t ≥ 0, λ ∈ Rmax, φ, ψ ∈ F ,

S t [sup(φ, ψ)] = sup(S t [φ], S t [ψ])
S t [λ + φ] = λ + S t [φ]

Maxplus linearity: ∀t ≥ 0, λ ∈ Rmax, φ, ψ ∈ F ,
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Optimal control problem/Lax-Oleinik semigroup

∀t ≥ 0, λ ∈ Rmax, φ, ψ ∈ F ,

S t [sup(φ, ψ)] = sup(S t [φ], S t [ψ])
S t [λ + φ] = λ + S t [φ]

Maxplus linearity: ∀t ≥ 0, λ ∈ Rmax, φ, ψ ∈ F ,

S t [φ⊕ ψ] = S t [φ]⊕ S t [ψ]
S t [λ⊗ φ] = λ⊗ S t [φ]
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Maxplus basis method: general principle

Chose a set of adapted Basis functions

B = {wi}i∈I
Discretize over time interval [0,T ]

t = 0, τ, 2τ, . . . ,T .

Propagation principle
At time t,

Vt ' Ṽt = sup
i∈I

λti + wi ∈ SpanB.

At time t + τ ,

Vt+τ = Sτ [Vt ] ' Sτ [Ṽt ] = sup
i∈I

λti + Sτ [wi ]

Zheng QU
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Maxplus basis method: general principle

Propagation principle
At time t,

Vt ' Ṽt = sup
i∈I

λti + wi ∈ SpanB.

At time t + τ ,

Vt+τ = Sτ [Vt ] ' Sτ [Ṽt ] = sup
i∈I

λti + Sτ [wi ]

Change the problem of solving ST [φ] to solving Sτ [wi ]
Short horizon τ , regularizing function wi (ex. quadratic
function)
Approximation of the semigroup Sτ [wi ] by S̃τ [wi ].
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Maxplus basis method: general principle

Propagation principle

At time t,

Vt ' Ṽt = sup
i∈I

λti + wi ∈ SpanB.

At time t + τ ,

Vt+τ ' Sτ [Ṽt ] = sup
i∈I

λti + Sτ [wi ]

' sup
i∈I

λti + S̃τ [wi ] (approximation)

' sup
i∈I

λt+τ
i + wi (projection)
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Maxplus basis method [Fleming,McEneaney 00]

Finite quadratic basis functions

B = {wi}i=1,...,p

where wi = −1
2
(x − xi)

>C (x − xi).
Technical assumptions

A1. V0 is C -semiconvex.

A2. Sτ [wi ] is C -semiconvex for i = 1, . . . , p.

Propagation principle
At time t, Vt ' Ṽt = sup

i∈I
λti + wi .

At time t + τ ,

Vt+τ ' ⊕
i=1,...,p

λti ⊗ Sτ [wi ] ' ⊕
i=1,...,p

λti ⊗ (PB ◦ S̃τ [wi ])

Zheng QU
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Maxplus basis method [Fleming,McEneaney 00]

Define a p × p matrix B by:

Bji = inf
x∈X

S̃τ [wi ](x)−wj(x)

so that
PB ◦ S̃τ [wi ] = ⊕

j=1,...,p
Bji ⊗wj

Recursive form

λt+τ = B ⊗ λt

Zheng QU
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Maxplus basis method [Fleming,McEneaney 00]

Define a p × p matrix B by:

Bji = inf
x∈X

S̃τ [wi ](x)−wj(x)

so that
PB ◦ S̃τ [wi ] = ⊕

j=1,...,p
Bji ⊗wj

Recursive form (Polynomial algebraic operations)

λt+τ = B ⊗ λt
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Maxplus finite element method [Akian,Gaubert,Lakhoua06]

Finite quadratic basis functions

B = {wi(x) = −1

2
(x − xi)

>C (x − xi)}i=1,...,p

Lipschitz finite element test functions:

Z = {zj(x) = a‖x − yj‖1}j=1,...,q

Technical assumptions

A1. Vt is C -semiconvex and Lipschitz continuous of
Lipschitz constant L ≤ a, for all t = 0, τ, . . . ,T .

A2. Sτ [wi ] is Lipschitz continuous of constant L ≤ a, for all
i = 1, . . . , p.
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Maxplus finite element method [Akian,Gaubert,Lakhoua06]

Propagation principle
At time t, Vt ' Ṽt = sup

i∈I
λti + wi .

At time t + τ ,

Vt+τ ' ⊕
i=1,...,p

λti ⊗ Sτ [wi ] ' ΠZB [ ⊕
i=1,...,p

λti ⊗ S̃τ [wi ]]

Define two q × p matrices K and M by:

Mji = 〈zj |wi〉, Kji = 〈zj |S̃τ [wi ]〉

Recursive form:

λt+τ
i = min

j=1,...,q
(−Mji + max

k=1,...,p
(Kjk + λtk)).
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Maxplus finite element method [Akian,Gaubert,Lakhoua06]

Propagation principle
At time t, Vt ' Ṽt = sup

i∈I
λti + wi .

At time t + τ ,

Vt+τ ' ⊕
i=1,...,p

λti ⊗ Sτ [wi ] ' ΠZB [ ⊕
i=1,...,p

λti ⊗ S̃τ [wi ]]

Define two q × p matrices K and M by:

Mji = 〈zj |wi〉, Kji = 〈zj |S̃τ [wi ]〉

Recursive form: (Polynomial algebraic operations)

λt+τ
i = min

j=1,...,q
(−Mji + max

k=1,...,p
(Kjk + λtk)).

Zheng QU
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Comparison of the two methods

[Fleming,McEneaney 00]

Vt+τ ' Ṽ 1
t+τ = ⊕

i=1,...,p
λti ⊗PB ◦ S̃τ [wi ].

[Akian,Gaubert,Lakhoua06]

Vt+τ ' Ṽ 2
t+τ = PB ◦PZ [ ⊕

i=1,...,p
λti ⊗ S̃τ [wi ]]

⇒ When Z = G, Ṽt ≤ Vt and S̃τ ≤ Sτ , we have

Vt+τ ≥ Ṽ 2
t+τ = PB ◦ S̃τ [Ṽt ] ≥ Ṽ 1

t+τ .

Zheng QU
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Comparison with dual dynamic programming

Dual Dynamic Programming

Only for concave
(maximisation) optimal
control problems

Ṽt ≥ Vt

Forward � Backward

Maxplus Basis Method

Value functions need to be
semiconvex (less restricted
condition)

Ṽt ≤ Vt

Single sense propagation

Zheng QU
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Error estimates

[Akian,Gaubert,Lakhoua06]

‖VT − Ṽ 2
T‖∞,X ≤ (1 +

T

τ
)
(

max
i=1,...,p

‖Sτ [wi ]− S̃τ [wi ]‖∞,X

+ max
t=0,τ,...,T

‖Vt −PB[Vt ]‖∞,X

+ max
t=0,τ,...,T

‖Vt −PZ [Vt ]‖∞,X
)
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Error estimates

[Akian,Gaubert,Lakhoua06]

‖VT − Ṽ 2
T‖∞,X ≤ (1 +

T

τ
)
(

max
i=1,...,p

‖Sτ [wi ]− S̃τ [wi ]‖∞,X

+ max
t=0,τ,...,T

‖Vt −PB[Vt ]‖∞,X

+ max
t=0,τ,...,T

‖Vt −PZ [Vt ]‖∞,X
)

Their estimates also apply to [Fleming,McEneaney 00]:

‖VT − Ṽ 1
T‖∞,X ≤ (1 +

T

τ
)
(

max
i=1,...,p

‖Sτ [wi ]− S̃τ [wi ]‖∞,X

+ max
i=1,...,p

‖PB ◦ S̃τ [wi ]− S̃τ [wi ]‖∞,X
)

Zheng QU
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Error estimates

Approximation of the semigroup (Euler scheme)

Sτ [wi ] ' S̃τ [wi ] = wi + τH(x ,∇wi).

When X is bounded, under some technical assumptions,

max
i=1,...,p

‖Sτ [wi ]− S̃τ [wi ]‖∞,X ∼ O(τ 2).

Maxplus projection error of a C -semiconvex function f

‖PB[f ]− f ‖∞,X

where B = {−1
2
(x − xi)

>C (x − xi)}i=1,...,p.

Zheng QU
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Maxplus projection error: an upper bound

Theorem ( [Akian,Gaubert,Lakhoua06])

Let X be a compact convex subset of Rd and f be a
C -semiconvex function and Lipschitz continuous of Lipschitz
constant L, then

‖PB[f ]− f ‖∞,X ≤ |C |ρ(X̂ ; x1, . . . , xp) diam X

where X̂ = X + B(0, L
|C |) and ρ(X̂ ; x1, . . . , xp)

is the maximal radius of the Voronoi cells
of the space X̂ divided by the points {x1, . . . , xp}.

Zheng QU
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Maxplus projection error: an upper bound

Theorem ( [Akian,Gaubert,Lakhoua06])

Let X be a compact convex subset of Rd and f be a
(C − α)-semiconvex function and Lipschitz continuous of
Lipschitz constant L, then

‖PB[f ]− f ‖∞,X ≤
ρ(X̂ ; x1, . . . , xp)2

α
diam X

Zheng QU
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Maxplus projection error: an upper bound

We have

‖PB[f ]− f ‖∞,X ≤ O(ρ(X̂ ; x1, . . . , xp)2)

It is known (covering surface with
discs [Hlawka 49, Rogers 64]) that:

min
x1,...,xp

ρ(X̂ ; x1, . . . , xp) ∼ O(
1

p
1
d

), as p → +∞

Therefore, the minimal number of basis functions p(ε) needed
to obatin an error of order O(ε) is bounded by

p(ε) ≤ O(
1

ε
d
2

)

.
Zheng QU
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Maxplus projection error: an asymptotic estimates

Strong analogy between

Covering a convex body by a
circumscribed polytope with
at most p faces
Asymptotic estimates for best
approximation of convex bodies
by P.M.Gruber .

Projecting a convex function
into a max-plus linear
subspace generated by at
most p linear basis functions

Zheng QU
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Asymptotic estimates for best max-plus projection

Analogous result of [Gruber 93, Gruber 07]

Theorem ([Gaubert,McEneaney,Qu 11])

Let X be a compact convex set and f ∈ C2(Rd : R) be a
convex function such that f ′′(x) > 0, ∀x ∈ Rd . Then,

min
x1,...,xp

‖PB[f ]− f ‖∞,X ∼ O(
1

p
2
d

), as p →∞

min
x1,...,xp

‖PB[f ]− f ‖1,X ∼ O(
1

p
2
d

), as p →∞

Zheng QU
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A negative result

Corollary

Minimal number of linear forms p(ε) to reach an
approximation of order O(ε) is of order:

p(ε) ∼ O(
1

ε
d
2

)

A negative result for the max-plus basis method

and for the
dual dynamic programming method.

Zheng QU
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Asymptotic estimates for best max-plus projection

Analogous result of [Gruber 93, Gruber 07]

Theorem ([Gaubert,McEneaney,Qu 11])

Under the same assumptions, as p →∞,

min
x1,...,xp

‖PB[f ]− f ‖∞,X ∼
C1

p
2
d

, min
x1,...,xp

‖PB[f ]− f ‖1,X ∼
C2

p
2
d

,

where

C1 = α1

(∫
X

(det(f ′′(x)))
1

d+2 dx
) d+2

d

C2 = α2

(∫
X

(det(f ′′(x)))
1
2 dx
) 2

d
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Maxplus distributive property

Finite distributive property

( ⊕
i=1,...,p

ai)⊗ ( ⊕
j=1,...,q

bj) = ⊕
i ,j

ai ⊗ bj

Infinite distributive property
Let I = {1, . . . , p} and (W ,B(W ),P) be a probability
space. Let h : W × I → R be a measurable function.
Under some technical assumptions, it is known that

Theorem (see [McEneaney 09] )∫
W

sup
i∈I

h(w , i)dP = sup
ĩ∈I

∫
W

h(w , ĩ(w))dP

where I = {̃i : W → I measurable} is the strategies.

Zheng QU
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Stochastic control problem

Problem statement

Let (Ω,F ,Ft ,P) be a filtered probability space and B a
Ft-Brownian motion. Let Ut denote the set of
Ft-progressively measurable controls, taking values in U .
Consider the following stochastic control problem:

VT (x) := sup
u∈Uτ

E[

∫ τ

0

`(ξ, u)dε + Φ(ξ(τ))]

where the dynamic is given by

dξ = f (ξ, u)ds + σ(ξ, u)dBs , s ∈ [0, τ ]

ξ(0) = x

Zheng QU
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Idempotent algorithm for stochastic control

Dynamic programming principle

Vt+τ = Sτ [Vt ]

where the semigroup (S t)t≥0 is defined by:

S t [φ] := sup
u∈Ut

E[

∫ t

0

`(ξ, u)dε + φ(ξ(t))]

Propagation steps [Kaise,McEneaney 10]
At time t, Vt ' sup

i=1,...,p
φi

At time t + τ ,

Vt+τ ' Sτ [sup
i
φi ]

' sup
u∈U

τ`(x , u) + E[sup
i
φi (x + τ f (x , u) + σ(x , u)ω)]

Zheng QU
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Idempotent algorithm for stochastic control

Propagation steps [Kaise,McEneaney 10]

At time t, Vt ' sup
i=1,...,p

φi

At time t + τ ,

Vt+τ ' sup
u∈U

τ`(x , u) + E[sup
i
φi (x + τ f (x , u) + σ(x , u)ω)]

= sup
u∈U

sup
ĩ∈I

∫
Rm

τ`(x , u) + φĩ (x + f (x , u)τ + σ(x , u)ω)dPτ

where I = {̃i : Rm → {1, . . . , p}} and Pτ is the
distribution of a Gaussian r.v. with mean 0 and
covariance τ I .

Main technical issue: pruning an infinite number of functions.

Zheng QU
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Main technical issue

Let I be an infinite set. The main technical issue is to
approximate the function

sup
i∈I

φi

by
sup(φi1 , φi2 , . . . , φik )

Zheng QU
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Main technical issue

Let I be a finite set. The main technical issue is to
approximate the function

sup
i∈I

φi

by
sup(φi1 , φi2 , . . . , φik )

Zheng QU
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Infinite horizon switched problem [McEneaney 07]

Infinite horizon switched optimal control problem:

V (x) = sup
u

sup
µ

sup
T>0

∫ T

0

1

2
x(t)>Dµ(t)x(t) + (`

µ(t)
1 )Tx(t)

+ αµ(t) − γ2

2
|u(t)|2dt,

where the state dynamics are given by

ẋ(t) = Aµ(t)x(t) + `
µ(t)
2 + σµ(t)u(t), x0 = x ,

Arising from nonlinear robust H∞ control, nonconvex
problem.

Zheng QU
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McEneaney’s COD free problem [McEneaney 07]

The semigroup associated to the switched problem:

S t [φ](x) = sup
u

sup
µ

∫ t

0

1

2
x(t)>Dµ(t)x(t) + (`

µ(t)
1 )Tx(t)

+ αµ(t) − γ2

2
|u(t)|2dt + φ(x(t)).

The Hamiltonian: H = supm∈1,...,M Hm(x , p) where

Hm(x , p) =
1

2
x>Dmx +

1

2
p>Σmp + (Amx)>p

+(`m1 )>x + (`m2 )>p + αm.

Zheng QU
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McEneaney’s COD free problem [McEneaney 07]

Under some technical assumptions (on the finiteness of
the value function of the infinite horizon problem), it is
shown that :

V (x) = lim
T→+∞

ST [0]

is the unique viscosity solution of

H(x ,∇V ) = max
m=1,...,M

Hm(x ,∇V ) = 0

in a class of bounded functions.

Finite horizon approximation

V (x) ' VT (x) = ST [0](x).

Zheng QU
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Max-plus basis method [McEneaney 07]

Finite horizon approximation

V (x) ' VT (x) = ST [0](x).

Maxplus propagation

Discretize the time interval [0,T ] into {0, τ, 2τ, . . . ,Nτ}.
At time t,

Vt ' Ṽt = sup
i=1,...,qt

φti

where {φti }i are quadratic affine functions.
At time t + τ ,

Vt+τ ' Sτ [Ṽt ] = sup
i=1,...,qt

Sτ [φti ].

Zheng QU

http://maeresearch.ucsd.edu/mceneaney/pubs/codann-siam.pdf


Maxplus basis methods
Maxplus distributive property

McEneaney’s COD free problem
Conclusion and perspectives

COD free problem statement
Maxplus propagation
Pruning algorithms
Experimental results

Approximation of the semigroup [McEneaney 07]

For each m = 1, . . . ,M , define the semigroup associated
to Hm

S t
m[φ](x) = sup

u

∫ t

0

1

2
x(t)>Dmx(t) + (`m1 )Tx(t)

+ αm − γ2

2
|u(t)|2dt + φ(x(t)).

where the dynamics are given by

ẋ(t) = Amx(t) + `m2 + σmu(t), x0 = x ,

S t
m[φ] is a quadratic affine function if φ is. (Riccati)

Approximation of Sτ

Sτ ' sup
m=1,...,M

Sτ
m

Zheng QU
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Maxplus propagation [McEneaney 07]

Propagation principle

At time t,
Vt ' Ṽt = sup

i=1,...,qt

φti

At time t + τ ,

Vt+τ ' Sτ [Ṽt ] = sup
i=1,...,qt

Sτ [φti ]

' sup
i=1,...,qt

sup
m=1,...,M

Sτm[φti ]

Zheng QU
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Maxplus propagation [McEneaney 07]

Propagation principle

At time t,
Vt ' Ṽt = sup

i=1,...,qt

φti

At time t + τ ,

Vt+τ ' Sτ [Ṽt ] = sup
i=1,...,qt

Sτ [φti ]

' sup
i=1,...,qt

sup
m=1,...,M

Sτm[φti ]︸ ︷︷ ︸
Riccati

Zheng QU
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Curse of complexity

Theorem ([QU 12])

Under certains technical assumptions, the number of algebraic
operations of the COD free max-plus method to obtain an
error ε is of order:

O(|M |O(− log(ε)/ε)d3), as ε→ 0

The number of quadratic functions is multiplied by M at
each steps. At the end of N steps, the number of basis
functions is MN .

Such curse of complexity can be reduced by carring on
pruning operations.

Zheng QU
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Pruning operation:

x

y

φ = sup(φgreen, φred , φviolet ,

φyellow , φblack , φblue)

x

y

φ = sup(φgreen, φblack , φblue)
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Pruning operation:

x

y

φ = sup(φgreen, φred , φviolet ,

φyellow , φblack , φblue)

x

y

φ = sup(φgreen, φblack , φblue)
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Pruning algorithms

Let Q1, . . . ,Qn be (d + 1)× (d + 1) symmetric matrices such
that the quadratic functions are given by

φi(x) = (xT 1)Qi

(
x
1

)
, i = 1, . . . , n.

1 Pairwise pruning

φi ≥ φj ⇔ Qi ≥ Qj ⇒ Remove the function φj

2 Global pruning

sup
i 6=j

φi ≥ φj ⇒ Remove the function φj

Zheng QU
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Pruning algorithms

Importance metric

sup
i 6=j

φi ≥ φj ⇔ νj := sup
x

φj(x)− supi 6=j φi(x)

1 + |x |2
≤ 0

νj is called the importance metric of the function φj .

Optimisation form

νj = max ν

ν ≤ z>(Qj − Qi)z , ∀i 6= j

zT z = 1.

Zheng QU
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Pruning algorithms

Optimisation problem

νj = max ν

ν ≤ z>(Qj − Qi)z

zT z = 1.

SDP relaxation

ν j = max ν

ν ≤ trace((Qj − Qi)Z )

Z ≥ 0, trace(Z ) = 1.

Conservative pruning[McEneaney,Deshpande,Gaubert 08]:

ν j ≤ 0⇒ νj ≤ 0⇒: Remove the function φj .

Over-pruning[McEneaney,Deshpande,Gaubert 08]:

sort ν j , keep at most k functions and prune the rest.

Zheng QU
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Pruning algorithms: a combinatorial modelisation

Discrete points X̃ = {x1, . . . , xN} ⊂ Rd . The lost at
point xk if we remove the function φj is:

c(j , k) := sup
i
φi(xk)− sup

i 6=j
φi(xk) ≥ 0

Combinatorial optimisation problem
Minimizing the average lost → discrete k-median
problem:

min
|S |=k

N∑
k=1

[min
j∈S

c(j , k)] .

Minimizing the maximal lost → discrete k-center
problem:

min
|S |=k

max
k=1,...,N

[min
j∈S

c(j , k)] .

Zheng QU
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Pruning algorithms: distribution of witness points
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Pruning algorithms: generation of witness points

[Gaubert,McEneaney,Qu 11]

Optimisation problem

νj = max ν

ν ≤ z>(Qj − Qi)z

zT z = 1.

SDP relaxation

ν j = max ν

ν ≤ trace((Qj − Qi)Z )

Z ≥ 0, trace(Z ) = 1.

Randomization technique [Aspremont,Boyd 03]: For each
function j , let Zj be the optimal solution of the SDP, generate
random points of distribution N (0,Zj).

Zheng QU

http://ieeexplore.ieee.org/xpl/articleDetails.jsp;jsessionid=JhFTPTPGgyvyFLYwn7Tj1v7LnJndyJcdh2TjhCzx1dKQsTHSnzDZ!24265148?arnumber=6161386&contentType=Conference+Publications
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Experimental results

The method has been applied to a quantum optimal control of
dimension 15 where the state space is the unitary group
SU(4), see [Sridharan,James,McEneaney 10].
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Instance : d = 6, M = 6 Backsubstitution error at point x :
H(x ,∇V (x)).
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M = 6, d = 6
Average backsubstitution error evolution obtained using 4
different pruning algorithms

5 10 15 20 25
0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6

0.65
time step h=0.1

Iteration number

A
ve

ra
ge

 b
ac

ks
ub

st
itu

tio
n 

er
ro

r

10 15 20 25 30 35 40 45 50
0.1

0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.5

0.55

0.6
time step h=0.05

Iteration number

A
ve

ra
ge

 b
ac

ks
ub

st
itu

tio
n 

er
ro

r

Zheng QU



Maxplus basis methods
Maxplus distributive property

McEneaney’s COD free problem
Conclusion and perspectives

COD free problem statement
Maxplus propagation
Pruning algorithms
Experimental results

Experimental results

M = 6, d = 6
Average backsubstitution error evolution
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New class of numerical method
Analogous max-plus approach of finite element method

Curse of dimensionality is inevitable

Structured problem

Curse of dimensionality converted to curse of complexity
Pruning is essentiel and it works

Current works

Apply the COD-free approach to more general
Hamiltonian

H ' sup
m

Hm

Second order HJB PDE

Zheng QU
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