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Abstract

Game theory studies interactions between agents with specific aims,
be they rational actors, genes, or computers. This course is intended
to provide the main mathematical concepts and tools used in game
theory with a particular focus on their connections to learning and
convex optimization. The first part of the course deals with the basic
notions: value, (Nash and Wardrop) equilibria, correlated equilibria.
We will give several dynamic proofs of the minmax theorem and
describe the link with Blackwell’s approachability. We will also study
the connection with variational inequalities.



The second part will introduce no-regret properties in on-line learning
and exhibit a family of unilateral procedures satisfying this property.
When applied in a game framework we will study the consequences
in terms of convergence (value, correlated equilibria). We will also
compare discrete and continuous time approaches and their analog
in convex optimization (projected gradient, mirror descent, dual
averaging). Finally we will present the main tools of stochastic
approximation that allow to deal with random trajectories generated
by the players.



Part A

BASIC TOOLS AND RESULTS



A.2 Extensions and related topics
This section deeply relies on the books:

Mertens J.- F., S. Sorin and S. Zamir, (2015) Repeated Games,
Cambridge University Press.

Laraki R., J. Renault and S. Sorin (2019) Mathematical Foundations
of Game Theory, Springer.
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Correlated equilibria
This section deals with “correlated equilibrium”, Aumann, 1974 [3],
which is an extension of Nash equilibrium that has good properties
from strategic, analytic and dynamic viewpoints.

Examples

Example 1 :
l r

T[0,0]3,1]
B|1,3]0,0
This game has two 2 pure equilibria that are not symmetrical and a
mixed, symmetric one (3/4,1/4) which is dominated in terms of
payoff.
The use of a public fair coin and of the plan: (7,r) if Head and (B,]) if
Tail, induces the following distribution on profiles:

0 [1/2
12 0

thus an efficient symmetric outcome, immune to unilateral deviations,




Example 2 :
l r
T|2,7|6,6
B |0,0]72

Introduce a signal space Q = (X, Y,Z), with uniform probability
(1/3,1/3,1/3).

Assume that the players get private messages:

1 knows a = {X,Y} or b = {Z},

2 knows o = {X} or B ={Y,Z}.

Consider the strategies:

T if a, B if b for Player 1;

lif a, rif B for player 2.

They induce on the set of profiles S the correlation matrix:

1/311/3
0 |1/3

and no deviation is profitable.
The formal model is as follows.



Information structure

An information structure .# is given by:
- a probability space (Q,.<7,P)
- a measurable map 6’ from (Q, .<7) to A’ (signals of i), for each i € I.

Let G be a finite game defined by g : S = I1,5' — R.

The game G extended by .7, denoted [G,.7], is the game played in 2
stages:

- stage 0 : the random variable o is selected according to P and the
signal 6'(w) is sent to player i.

- stage 1 : the players play the game G.



A strategy u' of player i in the game [G,.#] is a map from A’ to S'.
A profile u of such elements is called a correlated strategy.

Definition 1.1
A correlated equilibrium of G is a Nash equilibrium of some extended
game [G,.7].

A profile u of strategies in [G,.#] maps the probability P on Q to a
probability O(u) on S:
random variable — signals — profile of moves.



Si

2 O(u)

T» ‘

Explicitly, for each o, O(w, 1) is the probability on S given by

[T; 1/ (0'(w)) and Q(u) is the expectation w.r.t. P.



CED(G) is the set of correlated equilibria distributions in G:
CED(G) =U#{Q(u); u equilibriumin [G, 7]}

CED(G) is a convex set: simply consider the convex combination of
information structures.

A canonical information structure for G is given by:
Q=25;0":5— 5 0(s) =5
Thus P is a probability on S and each player is informed upon his
component.
A canonical correlated equilibrium is an equilibrium of [G,.#] where:
i) .7 is a canonical information structure and
ii) equilibrium strategies are given by:

(o) = pi(s) = pi(sh) = '
“Each player follows his signal (recommendation)".
The induced canonical correlated equilibrium distribution (CCED) is
obviously P.



Properties

The main result is the following.
Theorem 1.1 (Aumann, 1974 [3])

CCED(G) = CED(G)

Proof :

Let u be an equilibrium profile in an extension [G,.#] and Q = QO(u)
the induced distribution.

Then Q belongs to CCED(G).

In fact, each player i get less information: her move s’ rather than the
signal @' such that pi(a’) = s'.

But s’ is a best reply to the correlated strategy of —i, conditional to a'.
It is then enough to use the convexity of BR' on A(S~). =



The characterization in the finite case is given by:

Theorem 1.2
CED = n;CED', with Q € CED' iff:

Z [¢'(s',s7) —g'(¢,s7)]O(s",s7") >0, Vs, ieS.

s—ieS—i

Proof :

Let Q € CCED(G).

Assume s’ is announced (i.e. its marginal Q'(s') =Y, Q(s',s~") > 0)
and consider the conditional distribution on S~/, Q(.|s").

Then the equilibrium condition writes:

s' € BRY(Q(.]s").

s' is a best reply of player i to the distribution of the moves of —i,
conditionally to s'.

The approach in terms of equilibrium of an extended game is
“ex-ante”.

The previous characterization corresponds to an “ex-post” criteria.



Corollary 1.1
The set of CED is the convex hull of finitely many points.

Proof :
It is a subset of A(S) defined by a finite set of linear inequalities.

Complements
1) There exist correlated equilibria distributions outside the convex
hull of (Nash) equilibria distributions. In the game:

0,0]5,4]4,5
4,510,054
544,500

the only equilibrium is symmetrical : (1/3,1/3,1/3) with payoff 3.
The following is a CED:

0 [1/6]1/6
/6 0 |1/6
1/6 [ 1/6| 0

inducing the payoff 9/2.



2) The same property holds in two-person zero-sum games: there
exist correlated equilibria distributions outside the convex hull of
optimal distributions, Forges, 1990 [12].

In the game:
0|0 1
0 |0} —1
—-1]1| 0
the following is a CED:
1/3[1/370
1310 [0
0 0 |0

while for optimal strategies p(2,2) = 0 implies p(1,1) > 1/2 and
similarly for convex combinations.



3) Let us give an elementary proof of existence of correlated
equilibrium via the minmax theorem: CED corresponds to the set of
optimal strategies of a player in a finite 0-sum game, Hart and
Schmeidler, 1989 [17].

Let G be a finite I-player game with payoff g : § =[], S' — R/.
Consider now the two player zero-sum game I" with strategy sets S
and L = U;(S' x ') and payoff y: S x L — R defined by:

Vs () = [g'(r', ™) — g (u' 57 Mgy

Player 1 proposes s and player 2 tests ¢ against ' if {# = s'}.
I" has a value v and optimal strategies.
Clearly one has:

Proposition 1.1

Ifv>0 and Q € A(S) is an optimal strategy of Player 1, then Q is a
correlated equilibrium distribution in G.



Let us prove that v > 0.
Let = € A(L), a mixed strategy of player 2. Define p’, a transition
probability on 7, by:

pi(tsu') =m(d,u'), ifr#u

p'(tif)y=1=Y =(du).
ui At

Let now u' be a probability on §' invariant by p':

wi() = Y () p ().

Let u = ®;u’ € A(S).
Note that the payoff y(u; ) can be decomposed as follows:

Yiwm) =Y <l ()Y, Y, w(d u)y(s:(r,u)).

s€S i€l (1 y)eLi

Let A; be the term corresponding to i.



Ay = Y @ul(s) Z?‘L’t u') u'))

- ES Znt:b; ul Z@Hélu u'))

_ Z ;p 5.a0) L eyt )57~ 57
:i Zp ()~ )

— ;u g i)—I_Z‘,’_u"(s")p’(s’}u")g’(u‘}u*")
= gui(si)gi(si,u‘i)—uZiu"(u");zu’}u")

- 0

Hence y(u, ) =0.
Thus Vrr € A(L),3u € A(S) such that y(u, ) > 0, so that the value of I'
is non negative, hence Q is a CED. n



4) A superset of the set of correlated equilibria distributions which is
important in applications is the Hannan set H, Hannan, 1957 [15].
Like the set of CED, it is a subset of A(S) obtained by intersection.

Definition 1.2
H = n;H" with:

H' ={QeA(S);g'(s,07) <£'(Q), Vs es).

This corresponds to distributions "immune to deviation before getting
the signal”.

In the case of a 0-sum game one has, for z € H with marginals z!, z%:

and the opposite inequality for player 2 hence the marginals z!,z* are
optimal strategies and f(z) is equal to the value of the game.



Example :

For the 2-person 0-sum game:

0 1 —1
—11] 0 1
1 —1 0
the distribution:
/3] 0 0
0 [1/3] 0
0 0 [1/3

is in the Hannan set, but not a CED.




5) General formulation
Consider the framework of a game G on compact convex sets :
H:X=[]X -R,icl

Definition 1.3
A correlated equilibrium distribution u € A(X) satisfies :

/H’ )du(x /H ol (x'),x ) du(x) Viel (1)

for every measurable function o' : X' — X'.

Proposition 1.2 (Neyman, 1997 [28])
If a¢' game G has a concave potential W, then for every CED u.:

supp(() C argmaxxW.

In particular if W is strictly concave there is a unique CED.



Proof :
Let us prove that u € CED iff :

[ W@ due) = W), wex. 2)
1) Assume (2), then for any a : X — X measurable :

[ W) = W)l dua() = 0
and in particular :
JH ) = (0 ().x D] dia() = [ (W) = W(er (). )] du(x) 20

so that u € CED.



2) Assume by contradiction: [, W(x)du(x) < W(y) for some y € X.

By concavity:

Y (ViW(x),y —x') > W(y) — W(x),

iel

hence integrating w.r. t. u, there exists i € I with :

/X (VW (x),y —x)du(x) > 0

thus :
[ Vit @), =) > o,
X

and for € > 0 small enough :
/H’ X e(y —x) /H’ x)du(x

so that u is not a correlated equilibrium distribution.

6) For more notions of extensions of games, corresponding equilibria

and representation properties, see Forges, 1986 [10], 1990 [11].



Approachability theory

We follow Blackwell, 1956 [7], see also MSZ, 1.4 and Sorin, 2002
[31], Appendix B.

Presentation

Consider a two person game defined by A, a I x J-matrix with entries
in RX : A;; € RX is the vector payoff, or outcome, if Player 1 plays i € I
and player 2 plays j € J.

The game is played in discrete time for infinitely many stages: at
each stage n = 1,2, ..., after having observed the past history &, of
actions used from stage 1 to stagen—1, i.e.

Buet = (i1sj1,eesin_1rjn_1) € Hu_y = (I x J)""', Player 1 chooses

x, € X = A(I) and player 2 chooses y, € Y = A(J).

Then a couple (i,,j,) € I x J is selected according to the product
probability x, ® y,, and the game goes to stage n+ 1 with the history
hn:(ilajla ..... ,in,jn)E%.



A strategy o of Player 1 in the repeated game is a sequence
G = (S1,.+s8n,...) With s, : 54,1 — A(I) for each n.
(Similarly for a strategy 7 of player 2).

A couple (o, 1) naturally defines a probability distribution P, ; over
the set of plays .= (I x J)”, endowed with the product o-algebra,
and E; ; is the associated expectation.

Every play h = (i1,j1,-.-,in.Jn, ---) Of the game induces a sequence of
vector outcomes z(h) = (z1 = Ajj,, - 20 = Aiyj,,---) With values in R,

Denote by 7, the Cesaro-average outcome up to stage n:

1 n

12
; Z ik — ;];Zk-



Definition 2.1
A set C C RX is approachable by Player 1 if, for any € > 0, there exists
a strategy o and N such that, for any strategy t© of Player 2 and any
n>N:

Ec,r(dn) <g,

where d, is the euclidean distance d(z,,C).

A set C C RX js excludable by Player 1 if for some & > 0, the set
C5 ={z;d(z,C) > &} is approachable by her.

A dual definition holds for Player 2.

From the definitions it is enough to consider closed sets C and even
their intersection with the closed ball of radius ||A||.

Given x in X(= A(I)), define [xA] = co {¥; x;A;; j € J}, and similarly
[Ay], for y in Y(= A(J)). If Player 1 uses x, his expected payoff will be
in [xA], whatever being the move of player 2.



B-sets and sufficient condition

The first result is a sufficient condition for approachability based on
the following notion:

Definition 2.2

A closed set C inRX js a B-set for Player 1 if:

for any z¢C, there exists a closest pointw = Z¢(z) in C toz and a
mixed move x = x(z) in X, such that the hyperplane trough w
orthogonal to the segment [wz| separates z from [xA]. Explicitly:

(z—w,u—w) <0, Vuc€ [xA].






Theorem 2.1

Let C be a B-set for Player 1.
Then C is approachable by that player.

Explicitly, a strategy satisfying o (h,+1) = x(z,), wheneverz,¢C, gives:
2||A]

N

and d, converges Py a.s. to 0, more precisely:

Egc(dy)

IN

V1 strategy of player 2,

A 2
P(anN;dﬁze)ggn I”,
EN

Proof :
Let Player 1 use a strategy o as above. Denote w, = w(z,).



The property of x(z,) implies that:
(E(zns1lhn) = Wn,Zn —wn)) <0

since E(z,+1|h,) belongs to [x(z,)A].
Hence the previous equation in the deterministic case (see Part A1):
2

dﬁﬂé(l—m)dﬁﬂ

1 _
m)ZHZnH —Zn||27

gives here by taking conditional expectation with respect to the
history h,,:

1
n+1

2
E(dpilhn) < (1= ——=) dy +(

2 )
n+1 ) E(HZVH-I ZnH |hn). (3)



So that we obtain:

2 n—1 2 |V 2
< _
Edy 1) < () B + () AP,
and by induction:
2

n
This gives in particular the convergence in probability of d,, to 0.
Now introduce the randolm variable:
W = 2+ AP 51 (-5 (12 — 2l ). We have from (3):

E(Wn-H ’hn) S Wn;

thus W, is a positive supermartingale hence converges P a.s. to 0.
More precisely Doob’s maximal inequality, see e.g. Neveu, 1972 [27],
gives :

E(Wy) _ SJAIP

P(3n>N;d*>>¢) < <
) EN



In particular one obtains:

Corollary 2.1
For any x in X, [xA] is approachable by Player 1, with the constant
Strategy x.

It follows that a necessary condition for a set C to be approachable by
Player 1 is that for any y in ¥, [Ay] NC+#£0, otherwise C would be
excludable by Player 2.

In fact this condition is also sufficient for convex sets.



Convex case

Theorem 2.2

Assume C closed and convex in RX.

C is either approachable or excludable.
More precisely C is a B-set for Player 1 iff :

[AY|NC£0D, Vyey. (4)

In particular a set is approachable iff it is a B-set.

Proof :

By the previous Corollary, it is enough to prove that (4) implies that C
is a B-set.

The idea is to reduce by projection the property to the
one-dimentional case and to use the minmax theorem.



In fact, let z ¢ C, w =Tl¢(z) its projection on C, and consider the
game with real payoff matrix B = (w —z,A). Since [Ay] N C # 0 for all

y € Y, this implies that its value is at least min.cc (W —z,¢) = (w—z,w).
Hence there exists an optimal strategy x € X of Player 1 such that
(w—z,Y; xA) > (w—z,w) forany j € J, which shows that xA is on
the opposite side of the hyperplane H to z, and the result follows. =

u]
)
l
{1
it

DA



The previous proof gives also the following practical criteria:

Corollary 2.2
A closed convex set C is a B- set for Player 1 iff, for any o in RX:

val(a,A) > min(o,c),
ceC

where val is the maxx miny = miny maxy operator.



Extensions

1. In dimension 1, any set is either approachable or excludable.

More precisely let v (resp. V') be the value of A when Player 1
maximizes (resp. minimizes).

If v>/, Cis approachable by Player 1 iff CN[V/,v] # 0 and excludable
by Player 2 otherwise.

If v </, Cis approachable iff [v,v'] C C and excludable by Player 2
otherwise.

2. Extension to random payoffs, uniformly bounded in L?.

3. There exist sets that are neither approachable nor excludable.
Consider the game:

[ r
T | (0,0) | (0,0)
B | (1,0) | 1,1)
andthe set C={(1/2,y); 0 <y < 1/4}U{(1,y); 1/4 <y <1}.



0 1/2 1
If Player 1 plays n times Bottom and then Bottom or Top for the next n
stages depending whether 72 is greater than 1/2 or not, the average

Zon Will be in C.
However Player 2 can prevent the average payoff to remain near C by
either playing left (and forcing the horizontal axis) or right (and forcing

the diagonal).

This leads to the following definition of weak approachability.



4. Weak approchability

Definition 2.3

A set C in RX js weakly approachable by Player 1 if for any € > 0
there exists N such that foranyn > N there is a strategy ¢ = o(n)
satisfying, for any strategy t of Player 2:

Es:(d,) < €.

C is weakly excludable by Player 1 if for some 6 > 0, the set
C§ = {z: d(z,C) > 6} is weakly approachable by her.

The main difference is that the strategy may now depend of the
lenght of the game.



In the example above the described strategy of Player 1 shows that C
is weakly approachable.

In fact, the sequence of un-normalized cumulative outcomes,

(1% < mze), m=1,...,n defines a piecewise linear curve and Player
1’s objective is to reach C at stagen.

It is thus natural to consider the game played in continuous time
between times 0 and 1 with position fgzudu at time 1.

Again in the previous example, Player 1 can generate a curve with
slope between 0 and 1 (controlled by Player 2) and horizontal speed
1, but he can also stop the game. Clearly he is thus able to reach C
at time 1.

This result is general since one has:



Theorem 2.3 (Vieille, 1992 [34])
Any set is either weakly approachable or weakly excludable.

Sketch of the proof.

The proof uses the theory of differential games of fixed duration.
A) The idea is to consider v, as the value of the discretisation of a
differential game I" played between time 0 and 1.

Formally the deterministic dynamic in RX is given by:

2= 04ABy

where a and f3 are the controls of the players with o, € A() and
B: € A(J) for t € [0,1], and the terminal payoff is r(z;) (there is no
payoff on the trajectory), where r is a smooth function like

r(z) =1-d(z,C).



For any initial point z € RX and time & € [0, 1], one defines two

discretisations T, (&,z) (resp. I} (€,z)) of T played on the time interval
[£,1], where the state starts from z at time &, the controls are constant
on (2(1-¢&), 2t (1—¢&)) and Player 1 (resp. Player 2) is playing first.

’n

Their values W, (£,z) (resp. W, (&,7)) satisfy:

W, (£,z)= max min ... max min r(z—i—(l—é)%Z;

n 1 OmABm)
€A BieA()  ow€A(l) BueA() -

n

1
W = mi ... mi 1-&)- 04nAB,,
(6= el e i L (1) K )



Moreover the following recursive equations (dynamic programming)
hold:

Wi (§.2) = max min W, (£ (1-8).a+ (1~ 5)asp)

|
Wi(é,Z)—ﬁrggp)a@%)W* (E+- ( —&)z+ - (1-8)aap)



The main results from the theory of differential games with fixed
duration that we use are, see e.g. Souganidis, 1999 [32]:

1) W, and W," converge to some functions W~ and W' as n — co.

2) W~ is a viscosity solution, see e.g. Crandall, Ishii and Lions (1992)
[9], on [0, 1] of the equation:

oU
— in (VU,aAB)=0
ot +(x1221()§) ﬁ?§8)< 0AB)

U(l,2) =r(z)
3) this solution is unique.



A similar result for W and the property (Isaacs):

max min (VU,@AB)= min max (VU,0Ap)
acA(l) BEA() BEA(J) acA(l)

finally imply:
W =w",

Denote this value by W.

Hence if W(0,1) =1, for any € > 0 there exists N such thatifn > N
Player 1 can force an outcome within € of Cin T,

B) The second part of the proof consists in showing that Player 1 can
generate almost the same trajectory in the initial discrete time
repeated game.



Consider first G,.

Inductively Player 1 will play by blocks of length r: on the m-th block
he computes the optimal control o, of stage m in I, (given a past
generated in the differential game by B, ¢ < m, which is the average
behavior of Player 2 on block ¢) and play the mixed move «,, i.i.d. for
r stages.

Use the approachability theorem to prove that if d,, denotes the
distance between o, A B,, and the average outcome on block m in G,,,
one has: E(d,) < Mr”.

It follows that for r large enough the average payoff in G,, is within ¢
of one trajectory compatible with an optimal strategy in I';, hence
within 2¢ of C.

Finally if m = rn+ ¢ the error in approximating G,, by G,, is at most of
the order 1/r.

C) If w(0,1) < 1, Player 2 can force the outcome to belong to the
complement of a §-neighborhood of C for 6 small enough and a
similar construction shows that C is weakly excludable. m



5. The B-sets are the minmal approachable sets.

Proposition 2.1 (Spinat, 2002 [33])
Any approachable set contains a B-set.

In particular this implies that the “light" definition of approachability
(convergence in expectation) is in fact equivalent to the “heavy " one
(cv a.s.).

This also shows that there are always robust approachability
strategies (for example: independent of € and of the previous own
moves).

Note however that the a.s. convergence does not extend to a
stochastic framework.

6. Extension to infinite dimension, Lehrer, 2002 [19].

7. General active states, Lehrer, 2003 [20].



8. A dual representation of B-sets.

Definition 2.4
The set of proximal normals to C c RK atw € C is:

Pc(w) = {p eRE;w= Pc(w+p)}. (5)

Recall:

A closed set C in RX is a B-set for Player 1 if:

for any z¢C, there exists a closest point w = #¢(z) in Cto zand a
mixed move x = x(z) in X, such that the hyperplane trough w
orthogonal to the segment [wz] separates z from [xA].

(z—w,u—w) <0, Vuc€ [xA].



Lemma 2.1 (As Soulaimani, Quincampoix and Sorin, 2009 [1])
CisaB-setiff:

minmax(p,xAy —w) <0, Yw e C,Vp € Pc(w). (6)
x€X yeY






8. Approachability and viability [second link with differential games]:
As Soulaimani, Quincampoix and Sorin, 2009 [1].

Recall: [first link with differential games] Weak approachability and
differential games with fixed duration

The analysis using these two points of view - asymptotic approach
versus uniform approach - is fundamental in the study of all
dynamical models.



Consider a differential game with dynamics w; € RX given by :

Wt :f(wla at7ﬁl)7 wo = W(O)

where (ay, ;) € U x V with U,V convex, compact.
Assume in addition i) f : RX x U x V — RX continuous, ii) f(.,u,v)
L-Lipschitz for all (u,v) € U x V, (iii) f affine w.r.t. u.

Given strategies («, B), let {W;(w(0),,B);t > 0} be the associated
trajectory.
Theorem 2.4 (Cardaliaguet, 1996 [8])

Let C be closed in R and C¢ be a closed €—neighborhood.
C is a discriminating domain for Player 1, i.e. :

Vw(0)eC, Ve>0, Ja, VB: W, (w(0),o,B)eCt V>0, (7)
iff

ma&méilr]l(p,f(w,u,v» <0, Vw € C,¥p € Pc(w). (8)
ve u



Consider the average expected outcome in the continuous version of
the approachability game:
1 t
Wy = */ Xs Ay
tJo

so that :
Wy + tW[ = x,Ayt
hence :

1
Wy = ;[x;Ayt - Wt]-

With a time change we obtain the differential game with dynamics :
fw,u,v) =uAv—w.
Thus we deduce, using:

I?ea&(%llr}(p, UAv —w) = LIéllI]lrslea‘;(@, UuAv—w)

the following :
Lemma 2.2

A discriminating domain for the differential game defined by f is a
B-set for the repeated game defined by A.



Corollary 2.3

A B-set is approachable.

Proof :

Let C be a B-set hence a discriminating domain.

Let w(0) € C and any ®(0) € RX. Let « be a discriminating strategy
for Player 1, given w(0) and 8 any strategy of Player 2.

One has:

WI(W(O)7a7ﬁ) = OC;A[B, - W,(W(O),Ot,ﬁ)
W,(CO(O),OC,ﬁ) = atAﬁt_ Wt((!)(O),OC,ﬁ),
thus :

W,(W(O),Ot,ﬁ) —W;((D(O),Ot,ﬁ) = WZ(W(O),OC,ﬁ)—W,(O)(O),OC,B)

and [|W;(w(0), &, B) — W,(@(0), &, B)|| < e™"[|w(0) — @(0)]].

But W,(w(0), t, B) € C hence d(W,(w(0),c,3),C) — 0 uniformy in 3.
Finally the same property holds in the discrete time game with
random trajectories.



Corollary 2.4

If C is approachable in the expected deterministic repeated game, C
contains a B-set.

Proof :

Consider a strategy o that approach C and show that the closure of
the set of limit points of all trajectories compatible with o, is a
discriminating domain.

9. Approachability with signals, Perchet, 2011 [29] (see Part B.1).

10. Approachability plays a crucial role in games with incomplete
information, Aumann and Maschler,1995 [4], Kohlberg, 1975 [18],
MSZ.



Fictitious play

Discrete fictitious play and continuous best reply

Consider the repetition of a game g: S =[S — R.

The discrete fictitious play procedure (DFP) satisfies the following:
given an n-(stage) history h, = (x; = {x| }i=1...1,%2,...,x,) € S", the
move x;',H of each player i at stage n+ 1 is a best reply to the
“average moves" of her opponents.

For n > 3 there are two variants:



- independent FP:
for each i, let ¥, = 1y ¥ and " = {)} ;-

Player i computes, for each of her opponents j € I, the empirical
distribution on her moves and considers the product distribution.
Then, her next move satisfies:

%11 € BR'(X,")

so that:

i i
Xnr1 — X

—i -
Xntl —Xp = n+1

which can also be written as :

=i =i 1 Q=i _ i
xn+l_xn€ (n+1)[BR (xn )_xn]‘ (9)



- correlated FP:

one defines a point X, in A(S™/) by :

7Zm1m

which is the empirical distribution of joint moves of the opponents —i.
Here the dynamics is given by:

X,41 € BR(%,)

We will consider here the first approach (unless otherwise specified).



The continuous counterpart of this difference inclusion, is the
differential inclusion called continuous fictitious play (CFP):

X' e %[BRi(X,_i) —X1. (10)

The change of time Z; = X,s leads to :
Zi € [BR'(Z;") - 7] (11)

which is the (continuous time) best response (or best reply) dynamic
(BR) introduced by Gilboa and Matsui, 1991 [14].



General properties

Convergence

Definition 3.1
A process z,, (discrete) or z; (continuous) converges in a metric space
MtoZCM ifd(z,,Z) ord(z,Z) goesto0asn ort — oo.

Proposition 3.1
If (DFP) or (CFP) converges to a point x, x is a Nash equilibrium.

Proof :

If x is not a Nash then d(x,BR(x)) =6 > 0.

Hence by uppersemicontinuity d(y,BR(z)) > §/2 > 0 for each y and z
in a neighborhood of x, which prevents convergence. m

The dual property is clear:

Proposition 3.2
If x is a Nash equilibrium, it is a rest point of (DFP) and (CFP).



Remark
(DFP) is “previsible": in the game with payoffs

V2
0 |1

if Player 1 follows (DFP) her move is always pure, since the past
frequency of Left, say y, is rational; so that unilateral (DFP)
guarantees only 0.



Potential games

Recall that x, converges to NE(G) if d(x,,NE(G)) goes to 0.
Since g is continuous and X is compact, an equivalent property is that
for any € > 0 and »n large enough, x, is an g-equilibrium.

Proposition 3.3 (Monderer and Shapley, 1996 [23])
In finite potential games (DFP) converges to NE(g).

Proof:
Let F be a potential for g. Since F is multilinear, one has:

FEne1) =F&) = FQnt g (1 = %)) = F(3)

> L P 5~ FE) - o (12)

i

for some constant K; independent of n.



Let aysy = Li[F(x, %, ") — F(5)] = Eilg' (x,4.1,%,") — 8 (%a)] (= 0 by

definition of (DFP)).
Adding the previous inequality implies

n+1
F(Xpt1) > Z *—Kz

for some constant K. Since a,, > 0 and F is bounded, y"+! 4

m=1 m

converges. This implies

l1m—Zan—0

N—e N n<N

(In fact for M large enough, ¥,,~ 5= < & hence a fortiori
Y-y am < € and the remaining term is bounded.)



Now a consequence of (13) is that, for any € > 0,

#{n <N;x, ¢ NEX(F)}
N

— 0, as N — oo, (14)

In fact there exists § > 0 such that x, ¢ NE?(F) implies a,+; > 0.
Inequality (14) in turns implies that x, belongs to NE*(F) for n large
enough.

Otherwise x,, ¢ NE¢(F) for all m in a neighborhood of n of relative size
0(€) non negligible.

(This is a general property of Cesaro mean of Cesaro means). n



The next proof is due to Harris, 1998 [16], in the finite case and
Benaim, Hofbauer and Sorin, 2005 [5], in the compact case.
Assume (H): H' is defined on a product X of compact convex subsets
X' of an euclidean space, ¢! and concave in x'.

Proposition 3.4

Under (H), (BR) converges for potential games.

Proof

Let F be a potential for the game {H';i € I} and

W(x) = Y,;[G'(x) — F(x)] where G'(x) = max,cyi F(s,x™').
Thus x is a Nash equilibrium iff W(x) = 0.

Let x, be a solution of (BR) and consider f; = F(x;). Then

fi =Y DiF(x;) &.



By concavity one obtains:
Foxg,x ")+ DiF (xp, ") & > F(x + 33,
which implies :

Z xt—l—xt,xt —F(x,)] =W(x;) >0,

i

hence f is increasing but bounded.
f is thus constant on the limit set L(x).

By the previous majoration, for any accumulation point x* one has
W(x*) =0 and x* is a Nash equilibrium.



Note that one cannot expect uniform convergence: see the standard
symmetric coordination game below.

The only attractor that contains NE(F) is the diagonal.

In particular convergence of (BR) or (CFP) does not imply directly
convergence of (DFP)

(1,1) | (0,0))
0,0) | (1,1)

Note that the equilibrium (1/2,1/2) is unstable but the time to go from
(1/2%,1/27) to (1,0) is not bounded.






Further results

Monderer, Samet and Sela, 1997 [21], introduce a comparison
between the anticipated payoff at stage n: E, = F'(x},x,* ), and the
average payoff up to stage » (excluded): A} = ﬁZZ;% Fi(xp).
Proposition 3.5

Assume (DFP) for player i (with 2 players or correlated (DFP)), then

Ej, > A}, (15)
Proof :
By definition of (DFP), one has:

n—1 n—1
Z Fi(xi,x, 1) > Z Fi(s,x,)), VseX. (16)
m=1

m=1

Write (n— 1)E}, = b, = Y"_! a(n,m) for the left hand side.



By choosing s = x! | one obtains
by>an—1,n—1)+b, 4

hence by induction

n—1
Eﬁl Zqu = Z a(m,m)/(n—1).
m=1



Corollary 3.1

The average payoffs converge to the value for (DFP) in the zero-sum
case.

Proof :

Recall that in this case E! (resp. E2) converges to v (resp. —v), since
x, ' converges to the set of optimal strategies of —i. [



A last property is the following (the argument is already in Shapley,
1964 [30]). Note that it is not stated in the usual state variable (x,) but
is related to Myopic Adjustment Dynamics.

Proposition 3.6 (Monderer and Sela, 1996 [22])
Assume (DFP) for player i with 2 players.Then :

F"(xf;,x;il) zFi(xn_l). (17)

Proof :
In fact the (DFP) property implies :

Fi('xf’l X )>F(x 1 X~ 2) (18)
and:

Fl(,%,00) 2 F_,%,1). (19)
Hence if equation (17) is not satisfied, adding to (18) and using the
linearity would contradict (19). n
Remark

The two results above correspond to unilateral properties,



Shapley’s example

Shapley, 1964 [30], Monderer and Sela, 1996 [22].

(0,0) | (a,b) | (b,a)
(0,0)
(a,b) | (b,a)

Leta>b>0.
Note that the only equilibrium is (1/3,1/3,1/3).

Proposition 3.7
(DFP) does not converge.

Proof 1:

Starting from a Pareto entry, the improvement principle (17) implies
that one will stay on Pareto entries. Hence the sum of the stage
payoffs will always be (a+b). If (DFP) converges then it converges to
(1/3,1/3,1/3) so that the anticipated payoff converges to the Nash
payoff % which contradicts inequality (15).



Proof 2:
Add a line to the Shapley matrix G defining a new matrix:

) )

) )

a,b b
0,0 a,
b,a 0
c,0 c

—~=||—

=IR=IRSI
— | — [ —~—

(
(
(
(

(
(
G= |
(

) )

With2b>a>b>c>“3ﬂ.

By the improvement principle (17), starting from a Pareto entry one
will stay on the Pareto set, hence line 4 will not be played so that
(DFP) in G’ is also (DFP) in G.

If there were convergence it would be to a Nash equilibrium hence to
(1/3,1/3,1/3) in G, thus to ((1/3,1/3,1/3,0);(1/3,1/3,1/3)) in G'.
But a best reply for Player 1 to (1/3,1/3,1/3) in G’ is the fourth line,
contradiction.



Proof 3:

Following Shapley, 1964 [30], let us study explicitely the (DFP) path.
Starting from (12), there is a cycle : 12, 13, 23, 21, 31, 32, 12,..

Let r(ij) be the duration of the corresponding entry and a;,a;, a3 the
different cumulative payoffs of Player 1 at the beginning of the cycle
i.e. if it occurs at stage n+ 1, given by:

n
ai=Y Ay,
m=1

(proportional to the payoff of i against y,).



Thus, after r(12) stages of (12) and r(13) stages of (13)
a) =a;+r(12)a+r(13)b
ay =ar +r(12)0+r(13)a
and then Player 1 switches to move 2, hence one has:
a, > d,
but also:
ay z a
(because 1 was played) so that :
d—ar > d, —a;
which gives:
r(13)(a—b) > r(12)a
and by induction at the next round:

F(11) > 167(11)

a
(a—0)
so that exponential growth occurs and the empirical distribution does
not converge. [



RSP and Shapley triangle

We follow the analysis of (BR) in RSP (rock-scissors-paper game)

done by Gaunersdorfer and Hofbauer, 1995 [13].

Consider the following symmetric game with a > 0,5 > 0.

(0,0) | (a,—b)

(—b,a)

(=b,a) | (0,0)

(av *b)

(a,—b) | (=b,a)

(0,0)

Note that the only Nash is (1/3,1/3,1/3) with payoff (a —b)/3.
Let V(x) = max, yAx and define v, = V(x;) on a (BR) path.

Then, if ¢/ = BR(x,) on some intervall:

v, = €e'Ax; = e'Ae’ —

hence since ¢'Ae’ = 0:
\.)[ = _V[.

e'Ax,




If a > b then V(x) > (a—b)/3 > 0 for all x, hence v, decreases to
(a—b)/3 and x, converges to the equilibrium which is reached in finite
time ifa—b > 0.

In the other case, v, converges to 0 that is larger than (a —b)/3. Then
x, follows a cycle which is called the “Shapley triangle".
The coordinates are given by:

a+b a
By=(0,— "2 %
3 (’Zw+F2a+b)
a? b? ab

Ax —
3<ﬂ+ﬁ+wh%¢ﬂwyﬂ+W+w)

Aj,A3 and e; are on a line and the segment [A;,As] is characterized by

F(2,x)=0>F(i,x), i=1,3.



a > b :Eis stable

DA



a < b: Shapley triangle (in red)

DA
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