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Lecture 1: Splitting Algorithms in Convex Analysis Technische

Proximal and Averaged Operators
Proximal Point Algorithm (PPA) and Cyclic PPA
Forward-Backward Splitting (FBS) and Accelerated FBS

Douglas-Rachford Splitting

A S A

Primal-Dual Algorithms

Plus: Plug-and-Play Algorithm and Proximal Neural Networks
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Some notation

® T'o(H) is a set of proper, convex, and lower semi-continuous (Isc) functions
f:H — RU{+o0}, typically H = R?

T T

Not Isc. Isc

¢ cffective domain: domf := {x € R?: f(x) < +oo}
® ¢ indicator function of S C H:

0 ifzels,
+o00 otherwise.

Ls(x) = {
Then 1g € T'o(H) if S is nonempty, convex, closed. Useful reformulation

argmin { f(x) + tg(x)} = argmin f(x)
rEH xeS

Note that inf ) = +00 and sup ) = —oo, since we want for s # () that
inf,cqx < inf ()

Technische
Universitat
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PI‘OXimal OperatOrS Tef':hnis.d.l.e
For f € T'o(H), the proximal mapping prox, ¢ : H — H is well defined by
.1 9
prox, 5 () := argmnin {=—ly = #[* + f(5)}, 7 >0
yeEH T
and the Moreau-Yoshida envelope M, : H — R by

1
My (@) := min {—|ly = [ + f ()}

Remark:

® generalization of projection onto convex sets

.1 9 .
prox., ¢ () = argmin | o—ly — @[3 +¢s(y) ; = argmin ||y — |, =:
yEH T yeS

4 prox, s acts as denoiser for appropriate f, ase.g. f =TV

® backward scheme for minimizing f
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Forward-Backward Operators

Gradient flows:

z(t) = F(x(t)) = =V f(z(t)), telto, T

Discretization to < t1 < ..., t,y1 =t + 7

2(trr) — 2(t,) = /t " Pl dt

Apply quadrature rule

x(try1) =~ x(t,) — 7V f(x(t,)) Euler forward

x(try1) ~ x(t,) — 7V f(x(t,+1) Euler backward
2(tr1) + 7V f(2(trgn) = z(t)

2(tri1) = a(ty) = 7 (OVf(2(tr)) + (1 = 0)V f(2(tr11)))

Crank-Nichelson for 6 = %

Technische
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Exa mple Technische

Let H = (R,|-]) and f(x) := |x|.

x—71 forx >,
prox, ; = S(z) := 0 forxze|[—71,7], (soft shrinkage)
rx+717 forax < -—r,

for x > T,
M. (z)=1 52® forze|-7,7], (Huber function)

—r— 3 for x < —7.

Hence, prox, , = V&, where ®(z) = %2 — 7M. (2), ie.,

(

(z—71)* forx>T,
d(z) = ¢ 0 for x € [—7,7],
\ H(z+71)* forx< -

S
/ :

N2
/A N A L2 A
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Properties of the Proximal Operator

Technische

i) Variational inequality: & = prox, ¢(x) iff

-y @)+ @) - ) SO VyeH

ii) Fixed point property: & € argmin f iff & = prox, ¢(%)
iii) Continuity + convexity of Moreau envelope M, :

VM, ¢(z) = ! (z — prox, ¢(z))

T

iv) Convex potentials Moreau (1965): prox : H — H is proximity operator iff
it is nonexpansive and prox = V& for some ® € I'y(H). One direction:

prox, () = v — TV M, f(7)
prox, (z) = V (3lal]2 = 7y (@) = Va(x)

L 1 2 . . .
where ® := || - || — 7M., is convex as prox, ; is nonexpansive.
v) Moreau decomposition (later):

prox;(z) + proxs.(z) =z, My(z) + Mp(z) = 5|3
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Example extended

Let H = (R%, || - ||2). Then with the componentwise soft shrinkage operator

PFOXT||.||1(37) = argmjn{%ﬂx —ylls + T\|y||1} = Sr(z), 7>0
yeR

Analysis concept in compressed sensing:

prox.. ., (2) = argmin{ |z — yl|3 + 7| Tyl }
yERA

® T c Réxd orthogonal: ProX, (7., = T*S.T, see blackbord
® T e R with n <dand TT* = I: prox,p., = la — T*T +T*S,T

® for general T' no analytic expression

Proximity Webpage: G. Chierchia, E. Chouzenoux, P. L. Combettes, and J.-C. Pesquet. " The Proximity Operator

Repository. User's guide”. http://proximity-operator.net/

Technische
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Example extended

Technische

Theorem (Neumayer et al. 2020, Combettes 2018)
Let b€ KC, T € B(H, K) have closed range and prox : L — K be a proximity
operator on K (for some function f € I'4(K)). Then, the operator

A =T prox (T - +b)

is a proximity operator for some g € I'o(H7), i.e.

1
A =argmin ||y, + (),
yeEHT

where for invertible T" we have (x,y)3,. := (T, Ty)/||T||*

|ldea of the proof: Use Moreau’s result to show that

® A is nonexpansive in Hr and

® A=VVU VUc Fo(HT)

Candidate: ¥ = ®(T - +b)/||T||*, where prox = V®
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Reca I I Technische

For a Fréchet differentiable function ®: H — R, the gradient V®(x) at x € H
is defined as the vector satisfying for all h € H,

(V®(z),h) = DD (z)h,

where D®: H — B(H,R) denotes the Fréchet derivative of ®, i.e., for all

x,h €H,
O(x+ h) — P(x) = DP(x)h + o(||h]]).

® The gradient crucially depends on the chosen inner product in H.
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SUbdifferential Technische '

niversitat

Subdifferential of f at xg € domj:
Of (z0) == {p € R?: f(x) > f(xo) + (p,x — xo) Vo € R}

Fermat's rule: for any f : RY — R U {+o0}:
T is a global minimizer of f if and only if 0 € 9f(Z).

Properties of the subdifferential

For f € I'o(R?) we have
- If f is differentiable at x¢, then 0f(zo) = {V f(xo)} and conversely
- 0f(xg) is nonempty and bounded iff zy € int(domf)

- O(f1+ f2) COfi+ 0f2

with equality if dom f; N dom fs contains a point where one of the functions
IS continuous

Examples: 1. f(x) = |x|

1 x>0
of(x) =¢ —1 r <0
—-1,1] =0
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Of ()

Fa) = { 2] = (2= 2)

Examples: Subdifferential

N —

—+00

rrrrrrr

(1+12—x)2
V2/4—1,v/2/4+1]
(—1+12—2)2
(_007_3/4]

0

if |z| <2,
otherwise,

if x=2,

if 0<z<2,

if =0,

it —2<2x<0,
if »=-2,
otherwise.

Technische
niversitat
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Subdifferential and Proximal Operator

By Fermat’s rule:

A ] 1
T = prox, ;(x) = argmin { ||y — |3 +7f(y)}
yeRN 2

& 0e€ez—x+710f(2)
rer+710f(2)={+710f)(2)
&= (I+70f)" (z)

prox, s(z) = (I +70f) " ()

resolveﬁtrof TOf

S I

Fig. 5.1 Lefttoright F, F~', I+ AF and (I +AF)~".

F:=0f

Technische
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Averaged Operators rechische '

An operator T': H — H is called

® Lipschitz continuous if

|Tx —Ty|| < L||lx —y|| Vr,ye€™H

® nonexpansive if L <1 and contractive if L < 1

® Banach's fixed point theorem: If T is a contraction then it has a unique
fixed point which is reached starting from any z(9) € # by the sequence

ol T(x('r))
® averaged iff there exists a nonexpansive mapping R and o € (0, 1) such that
T=al +(1—-a)R.

® Clearly, an averaged operator T' is nonexpansive and

Fix(R) = Fix(T).
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Examples

1. Reflection operator R? which in nonexpansive

(2 2)

but produces except for (%) = (x,0)T the non-convergent series

(0) (0) (0)
1) _ [ *1 2) _ [T 3) _ [ *1
AR , T = , T = .
(—x§0>) (aré‘”) (—xé”)

A 'better’ operator is obtained by averaging

1 0
T.—aI—I—(l—a)R—(O 90 — 1 ), a e (0,1)

Here we get

) (CE(O))
V" — (1) as r — 0o

. . o 1 . .
2. prox, ¢ is an averaged operator with @ = 3, a so-called firmly nonexpansive

operator, I.e., .
=—(/+R

Technische
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Properties of averaged operators Technische '

Theorem (Concatenation of Averaged Operators)
If Ty : H — H are ap-averaged, k=1,...,K,thenT =Txyo...0T}yis
a-averaged with

o= (1 i (Z 1 iékak)_1>_1 = (K —1) —|—I((maxozk)_1°

Theorem (Convergence of Averaged Operators)
Let T': H — H be an averaged operator such that Fix(T") £ (). Then, for every
z(0) € H, the sequence (Trx(o))reN converges weakly to a fixed point of T'.

Krasnoselski-Mann iterations (nonexpansive R) converge
) = (af + (1 - )R) (x(r)), a e (0,1)

® Method cannot be generalized to Banach spaces without additional
constraints. Fortunately, the Krasnoselskii-Mann method works on finite
dimensional normed spaces.

® Some Results can be extended to uniformly convex spaces. Berlellima, Steidl 2020



http://www.mathematik.uni-kl.de/~steidl

Proximal Point Algorithm (PPA) Techmsche'

niversitat

Let f € I'o(R?) have a minimizer & € argmin,, f(x). Then we know already that
2 fulfills the fixed point equation

T = prox, ()

PPA: Initialization z(©) ¢ H

1
o4 = prox, (a7) = argmin { o) — o3 + /(o)
xre

@ ("), converges to fixed point of prox, ; = minimizer & of f

¢ fa™) = f(@) < 55112 — 27
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Generalizations of Proximal Point Algorithm (PPA) Tefhnfs;@e'

PPA can be generalized for
fi=> fr freTo(H)
k=1

inexact PPA, parallel PPA, by (stochastic) cyclic PPA:
z(rt) = prox,  ©...OPprox, r (z(™)
If (7). € €5\ 41, then (2(7)),. converges to the minimizer of f.

If 7. = 7, then (2(")),. converges to M., + fo (n = 2)
and for arbitrary n to 77

- Example: CPPA = alternating projection algorithm

n
argmin E e, (x) O closed, convex, nonempty intersection
X
k=1



http://www.mathematik.uni-kl.de/~steidl

Lecture 1: Splitting Algorithms in Convex Analysis

Proximal and Averaged Operators
Proximal Point Algorithm and Cyclic PPA
Forward-Backward Splitting (FBS) and Accelerated FBS

Douglas-Rachford Splitting

A S A

Primal-Dual Algorithms

Operator splitting:

- Origin: linear algebra, PDEs (e.g. Douglas-Rachford 1956): linear, single-valued operators:
0=Vf(zx)+ Vg(zx) = Ax + Bz

- Generalization to inclusion problems by Lions/Mercier 1979: nonlinear, set-valued, Eckstein
1989:
0 € df(x) + dg(x) = A(z) + B(x)

- Image processing applications by Figueiredo et al. 2007, Combettes/Wajs,Pesquet 2005,
2007

Technische
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Forward-Backward Splitting

Variational model for inverse problem:

= D(F(x), AR : A>0
J(x) =1 gt‘(?) y)+ I(:fg‘)
ata term regularizer

Task: h € T'o(H), g : H — R convex, diff. and LipVg = L < oo

T € argmin{g(z) + h(x)}.
rEH f‘(;)

Fermat's rule 0 € Vg(z) + Oh(2)
©t—71Vg(2) € x+10h(T) = (I + 70h)(2)
Z= prox,;, (& — 7Vyg(2))

Forward-Backward Splitting (FBS): (also called proximal gradient algorithm)
") = prox_, (x(r) — TVg(a:("“)))
Gradient Descent Re-Projection Algorithm for h = 1g:

) = TIg (x(r) — TVg(:E(T))>

Technische
niversitat
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Convergence

Technische

Theorem: Let 7 € (0,2). Then {z(™},. converges linearly to a minimizer of
g + h if it exists.

F(2) — £(@) = O (1/r).

|dea of the Proof:
(r+1) _ I -7V (7)
x prox_, o(l — 7Vg) (:1: )

averaged

By the Baillon-Haddad Theorem %Vg is firmly nonexpansive. Thus

1 1
Vg=50+R) & I-7Vg=( — I8 + ZX(—R)

which is averaged if ZZ € (0, 1).
Ex 2.46 < Tmasas D)= (v)

|

Cor 18.14. p=1

The 18.13. Exa 13.2()  Prop 13.20 (i)

~

Prop*7.27 Exa 13.7
/ \

Prop 16.9 Prop 17.26 (i)

PN PN

op 13.14 (i)  Prop 17.9 op 17.17 (1)
1

T 3.13 T
Prop 1%66 Prdp 13.

Pr
1 Prop 17.2 (iii) Prop 17.2 (iii)
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Example: Iterative Soft-Thresholding Algorithm (ISTA) Techmsche'

niversitat

Consider 1
: 2
a,igég;;n {éHKx — bH%‘F‘)‘Hle }
~ h
g
Then

Vg(z) = K'(Kz —b)

ProXy, .||, = 9-x soft shrinkage

FBS = ISTA (lterative Soft-Thresholding Algorithm):

2" = prox_, (:1:(7") — TVg(ZC(T))>
= ProX, .||, (CE‘(T) — K" (Kz™) — b))
= Sor (2 — 7KKz —b)).

- ISTA: Daubechies, Defrise, De Mol 2004; Combettes, Wajs 2005
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Accelerated FBS Technische '

niversitat

By a simple extrapolation trick

(r) — () (r) _ pr=1) _r-1
Yy o =x —I-TT(CIZ X ), Tr—r+2
2 = prox., (y") — TVg(y"))
we can achieve best possible rate for 7 € (0, %) namely
f@) = f(@) =0 (1/r%)

Equivalent form:

y" = (1-6.)z" +6,2" 6, = -

7+ 2

20 = prox,, (™) = 7Vg(y ™))

Z(r-l—l) _ CIZ(T_H) 4+ ei(m(r—kl) . x(r))

® Several fashions: Nesterov algorithm, FISTA
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Accelerated Algorithms rechische '

Proof: 1. Progress in one step: By the L-Lipschitz gradient of g and since 7 < %

9@ ) < g(y") + (Vg™ 2 =y ) e -y
By the variational characterization of the proximal operator, we get for all u € RY,
R@D) < Rlw) + —(® = rVg(y") = 2, 20 )
< () — (Vo(y™), 2" — u) 4+ (") — 2 20 ).

Adding these inequalities and using the convexity of g yields

Fa") < Fw) zg(u) + 9™ + (V') u —y")
<0

]‘ T T 1 T r T
ol =y (= 2T )
T T

1 e L )
< Fw) + o)l =y 4+ T =2 e ),



http://www.mathematik.uni-kl.de/~steidl

Accelerated Algorithms Technische

Combining these inequalities for u := & and u := z™) with 0, € [0, 1] gives

0r (F(=") = f(2)) + (1= 0) (f(&") = f(a))
= f(@") — f(@) + (1 - 6,) (F(@) — f(=))

! 1
< 2 =y 4 ) = 2B 06— (11— 6,)2)
T T
1 ) ) i i A r
= = (Iy” = 08 = (1= 0927 = 167 = 0,8 — (1 = 0,02 I3)
0, (r) 2 (r41) 2
= o= (127 =25 = 120 — 213) .

Thus, we obtain for a single step

T T A 1 r A T(]- o 97") r ~ 1 T ~ 112
o5 (F@T) = f@) + 1277 2l < == (f&") = £(@)) + 51127 = 2ll3.
2. Recursively application and regarding that (1;297“) < 921 we obtain
r r—1
T - A 7(1 — 6y) A 1 A 1 D
g @) = 1@) < === (F@) = 1(@)) + 511" = 2llz = Zll= — 2z,
r iy 2 .
F@ ) — f(2) < 1= — &]15. m

T(r 4+ 2)2
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Plug-and‘PIay FBS Technische

|dea: Replace the proximity operator wrt the regularizer by a more powerful
denoiser

- MMSE by Lebrun/Morel (Denoising cuisine) 2013
- BM3D by Dabov et al. (BM3D) 2008

- Neural Network

FBS and FBS-PnP

Initialization: (9 € R™, 7 € (0, %)
lterations: For r =0, 1,...

yr ) = 2 7V (™)

33(7"*‘1) — prOXTg(y(T+1))

PnP Step: z("+t1) = D(ylr+1)

Theorem: Let 7 € (0, %) and D be averaged. Then {z("}, converges to a

minimizer of g + h if it exists.

Refs: see recent results of Kamilov et al.
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Proximal Neural Networks (PNNs) Technische

Let
B(;T,b,a) :=T" o4 (T -+D),
prox
with T/T* € St(n,d) := {T € R™% : T*T = I} and stable activation function
O« (Refs: Combettes/Pesquet 2020)

PNN with K layers:
(I)(7 0) — BK(7TK7 bKaaK) C---0 Bl(';T17b17a1)7

where 0 = (Tk)r_y, (bk)jy, (Qr)ieq)-

Properties:
¢ & is K/(K + 1)-averaged, since concatenation of K -averaged operators
¢ (scaled) PNNs show a comparable performance as usual convolutional
neural networks for denoising
® robustness against adversarial attacks
® No lunch for free: To ensure that the weight matrices are from the Stiefel

manifold.
= optimization on manifold

€ construction of convolutional PNNs

Refs: Neumayer, Hertrich et al. 2020, 2021
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Stable Activation Functions

Technische

¢ A nonexpansive, monotone increasing function o : R — R with o(0) =0 is
called a stable activation function.

® o is stable activation function iff o = prox, for some g € I'g(R) with

minimizer 0.

Reason:

o(z) = ®'(x), where ®(z) := [ o(t)dt is continuous, convex function
Moreau — o = prox,,.

0(0) = prox,(0) = 0 Thus, 0 is a fixed point of prox, < argming

HNama activation unction oiz]) Jiziwith o

P
Linear activation T [
Saturated Hnear E f =1 o if [-1,1]
metivation (Salll) T f —l<r<l —1,0] " e
B #[-1,1]
1 if 1
i if zak
Saft Thrshalding [ if xe [-AA N
L Aoaf -
Saturated Hnear [ R . 1
sctivation (Salll) [r if l=x<1 L—n o !E s " ! 1:1:
. oo if ®g[-1,1]
-1 if =1
_m“‘:m'ﬁ—’ I z H =0 0 i ze|De)

[ 0 # r<0 10y o iz [0,ee)
Paramatric roctified e if r=0 a if z=0
lincar unit (FHaLL) - - ac (01 . 2

ar if r<0 x I]_—_-I if z20
. N I
Bens identity ey vETT 22— Infz 4 £)4 0 T
mciivation = ?
= .if T 7
Inverss square root = if r=0 [1] f z>0
EAncar unit T 123 = i l<razid
— e if o
vr 4+ 1 e f z< -1
. = (22— vT—= 1
v 41 ] if 1
- a._ . Xz, I . e
Arctangsnt actiation ;I.l.'\cl:.'-ﬂ-:.'l:] Ehl"ms[?"'l el if |21
T - i |z =1
Hyparbolic tangent - In(1 ]
mrtivation tamh{r) zarctanhiz] + ———— i |z| < 1
o HEES
= In[1 Lo et
Elliot artivation - x| —In(1 — |=|) 5 i =
|=|+1 & if =1
Tevarsa hyparbalic
sine arcsnbiz) cash 5=
Logarithmic activation sga(z)Inf|z| 4 1) apl=) - = -1 ¢
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N etwork A rCh iteCt u I‘e Techm'scf.l.e

Ingredients for a powerful PNN denoiser:
® |earn the noise instead of the noise-free images (" Residual Learning”)

® Learn PNNs with one additional fixed scaling parameter v > 1.
= Upper bound for the Lipschitz constant of the PNN

® Start with mo copies of the input images.

Summarized, the denoiser has the form

1 Lm

VM2 ];n ’

D(x;0) =2 —yA'®(Ax;6), A=

where ® is a PNN.

Parameters: 8 layers, m1 = 64, my = 128.
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PnP With PNN DenOiser Tefhnis.cf.lle

Recall that we used for denoising the mapping I,,, — YA ®(A-; u).
= U = AT®(A-;u) is averaged.
Lemma (Hertrich et al. 2021)

Let 2* € R™ be fixed. Further, let W: R™ — R™ be an t-averaged operator with
t e [%, 1]. For a scaling factor 0 < v < 2, the mapping

D(Q?) - (1 B 1—’}/}1—2757)33* + 1—7}|—2t'y(lm o ’V\IJ(QZ))

. ~ . ~ L tf)/
Is t-averaged with ¢ = 5

® Numerically the averaging parameter ¢ for denoising-cPNNs is close to %
® For ¢ = 3, it we have in the lemma D(z) = I,,, — 7v¥(x).

®Ift> % we need some oracle.



http://www.mathematik.uni-kl.de/~steidl

N Umerical ReSUItS Tefhnis.cf.wle

® training on 400 training images of the BSDS500 data set, Gaussian noise
level 25/255 ~ 0.098

® test on the BSD68 data set.
® Gaussian noise of noise level 25/255 ~ 0.098.

® Denoises also images with other noise level

Original Blurred FBS-PnP with cPNN La-TV
PSNR 25.21 PS PSNR 29.77

Figure 3.: Deblurring results with blur factor 7 = 1.5 and Gaussian noise with o = 0.01
using FBS-PnP with a ¢cPNN based denoiser and Ly-TV.

Method o = 0.075, o = 0.1, o = 0.125, o =20.15
Noisy images 22.50 20.00 18.06 16.48
FBS-PnP with cPNN, v = 1.99 30.12 28.80 27.82 27.06
Variational network 30.05 28.72 27.72 26.95
BM3D 29.88 28.50 27.50 26.73

Ref.: Effland, Kobler, Kunisch, Pock. Variational networks: an optimal control approach to early stopping variational

methods for image restoration, 2020.
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A S A

Lecture 1: Splitting Algorithms in Convex Analysis

Proximal and Averaged Operators

Proximal Point Algorithm and Cyclic PPA
Forward-Backward Algorithm and Accelerated FBS
Douglas-Rachford Splitting

Primal-Dual Algorithms

Technische
niversitat
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Douglas-Rachford Algorithm

Technische

Let g, h € To(R%) and g or h be continuous at a point in dom g N dom h.

Task:

T € argmin{g(x) + h(x)}.
rcRd

Fermat's rule: 0 € 70g(2) + 70h(Z), T > 0. With

>
I

prong(f) & 7§ € T+ 7109(2)
t

t— 2+ 70h(2)
T + T7Oh(2)
prox_; (24 — 1)

DO

>

|
E‘g> @F)O
| M M

Define
T .= %(Qproxm —I)o (2prox,, —I) —|—I)

~~

R’Th RTg
with reflections or Cayley operator Then

T(t) =1 (2prox,, —I) (22 — 1) +1) =5 (22 — (28 — )+ 1) =1
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Douglas-Rachford Algorithm

T := %(Qproxm — Ilo\(2prox79 — I)J—|—I)

VO -~

DRA: 7 >0

t0) e R
2(0) = prong(t(O))

Iterations: For r =0,1,...
tr+h) = prox_;, (22 — (M) 4t — ()
=  Proxpy (R’rg(t(r))) - %ng(t(r)) + %(t(r))

") = prox, (trTD),

Technische
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DOuglaS- RaCthi‘d Algorithm Tefhnis.cf.wle

mﬂmr'n ‘f lg T LE j‘

'ijyéso - R&aﬁfﬁ of G;& .
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Convergence Technische

Theorem: Let g, h € I'o(R%) where one of the functions is continuous at a point
in dom g N dom k. Assume that a solution of argmin, pa{g(z) + h(x)} exists.
Then, for any initial () € R? and any 7 > 0, the DRS sequence (t(")),.
converges to a fixed point ¢ of T" and (2(")), to a solution of the minimization
problem.

ldea of the Proof: We have

T =5 ((2prox,;, — I) o (2prox,, — I) +I) =2 (RpoRy+1)

N|—

with the reflection operators
Rp = 2prox,;, — I, Rgy:=2prox,,—1

The reflections are nonexpansive since the prox operator is firmly nonexpansive,
i.e., with some nonexpansive R

prox,, = I+R) & R= 2prox,, — 1.

We are done since the DRS steps are Krasnoselski-Mann iterations. []
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EXtenSiOI'IS Of the DRS Tef':hnis.d.l.e

Multiple Splitting:

n

T € argmin Z fr(x)

xERd k=1

Setting
F(x) := ka(a:k), D := {x = (x4, . . .,a:n)T: x| =...=x, € Rd} c R™
k=1

we obtain the minimization problem

argmin{ F'(x) + ¢p(x) }

XeRnd
Parallel DR Algorithm:
g+ (1 — o) Id +a, RTFRTLD) (t(r)) (Krasnoselski-Mann iteration)
N———
reflections
T = proxTLD(f) = %Z th (final step: mean computation)
k=1

Advantage: Separate computation of the proximal mappings

n
prox. p(x) = Z PVOXTfk(xk)
k=1
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Summary SO far Technische

lterative scheme

= Minimization problem :

X € Argmin f(x) + g(x)

X

= Design of a recursive sequence of the form

(Vk € N) xlh 1 — x A,

Gradient descent & =1Id — 7(Vf +Vg)

Proximal point algorithm & = prox, ¢

Forward-Backward ® = prox,(Id — 7Vf)
Peaceman-Rachford ® = (2prox,, —Id) o (2prox, ¢ — Id)
Douglas-Rachford ® = prox, (2prox, s — Id) + Id — prox ¢

Recent work on (linear) convergence rates ||z — &|| < ¢"z(") — &|| see Briceno-Atrias,
Pustelnik 2021
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A S A

Lecture 1: Splitting Algorithms in Convex Analysis

Proximal and Averaged Operators

Proximal Point Algorithm and Cyclic PPA
Forward-Backward Splitting and Accelerated FBS
Douglas-Rachford Splitting

Primal-Dual Algorithms

Technische
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Conjugate FUI‘ICtiOI‘I Technische

(Fenchel) conjugate function of f:

f*(p) := sup{{p,x) — f(z)}

TEH

Properties of conjugate functions

- f* is always Isc and convex (pointwise supremum of affine functions);
if f is proper and convex, then f* is proper

- = Fff f € To(H)
- [r =1 iff f(2) = 3ll=l3
- (fu+ f2)" = frUfs

if dom f; N domfs contains a point where one of the functions is
continuous. Here we have the infimal convolution

(filf2)(@) = inf {fi(u)+ fo(v)}

- p(z)=f(Az+b) = ¢*(p) =" ((A")"p) — ((A*)"'p,b)
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Conjugate functions: Examples

Lf=1-I
f*(p) — LBH.”*(l)(p)
In particular for f = ||z||1:

f ) ={p e R*: |plls <1}

Then
prox g« (r) = Iy 11()
Moreau decomposition:

prox¢(x) = x — prox«(x) = v — [y 1j(7) = S1(x)

Technische
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Conjugate FunCtiOn: ExampleS Technische

2. Kullback-Leibler Distance on R: (later special case of Bregman distance, resp. -divergence)
xlog%—:E—I—y::clogx—wlogy—az—i—y x,y > 0,
f(x) = KL(x,y) = r=0ify=0

+00 otherwise

with Olog 0 := 0 and negative entropy

 J xlogz x>0
ent(x) := { +00 otherwise

f*(p) = KL*(p,y) = Sug{pw —xlogz +xlogy + z—y}
TreE D
g(x)

= J(x)=p—logr—1+logy+1=0
logz =p+logy
x=uyeP

f*(p) = KL*(p,y) = yeP —y
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Primal‘DuaI AlgOfitth Technische

Task:
(P) min{g(x) + h(Az)}
zeRd
(P) min {g(z) + h(y) s.t. Az =y}
r€R ycR™M
Lagrangian:

L(z,y,p) := g(z) + h(y) + (p, Az — y)
Primal and dual problem formulations: In general (D) < (P)

(P) min  sup {g(z) + h(y) + (p, Az — y)}

xERdgeRnlpER"L

(D) max inf {g(z) + h(y) + (p, Az —y)}

PER™ e Rd ycRM

Since above in (P),

h(Az) = sup {(p, Az) — h'(p)}, Jnf {h(y) — (p.w)} = —h™(p)

pERM

we have

(P) fel]i@pse%% {g(z) — h'(p) + (p, Ax)}

(D)  max xiglﬂgd {g(x) — h"(p) + (p, Ax)}
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Uzawa Method and Method of Multipliers Technische

Uzawa method: alternate minimization of the Lagrangian with respect to (z,y)
and gradient ascent for p

(zU D, yrt )y € argmin L(z,y,p'")
xERd,yERm

p(r—l—l) _ p('r) 4+ ’Y(AI(T—i_l) . y(r—i-l))’ N> 0

Drawback: convergence under strong restrictions on g, h

Augmented Lagrangian:

Ly(z,y,p) = g(x) + h(y) + (p, Az — y) + %IlAw —yll5 v>0
1

§i p
=g(@) + h(y) + S lAz —y + ;II% - gllpllg

Method of Multipliers:

(Y Y € argmin L (2, y,p")
R ycR™

p(r—l-l) _ p(r) + ,Y(Ax(r—l—l) o y(r—l—l))’ N> 0

Drawback: often hard to minimize over x,y at the same time
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Alternating Direction Method of Multipliers (ADMM) Technische

Remedy: Alternate the minimization with respect to z and y

Initialization: y(® € R™, p(0) ¢ R™
lterations: For r = 10,1, ...

") € argming  pa {g(x) + %H%p(r) 4+ Ax — y(T)H%}

y Y = argmingcpm {h(y) + J|2pT) + AxCHD — y| 3}
= proxy, (2p) + Aa(r+)
p(r+1) — p(r) J’_ ’Y(AQT(T+1) — y('r+1))

® In imaging see S. Osher et al. under the name Alternating Split Bregman
Algorithm
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Scaled ADMM

Technische

Setting
(") = p() /~
we obtain the following (scaled) ADMM:

Initialization: y(® € R™, b0 ¢ R™
lterations: For r = 0,1, ...

(rth) ¢ argmin,, cpa {g(gp) + %Hb(?“) 4+ Ar — y(r)H%}

y(rth) = argmin, cgm {h(y) + %Hb(r) + Ag(rtl) — ZJH%}
b(?“-l—l) — b(r) _|_ A:U(T_l'l) - y(r+1)

® Glowinski/Marocco 1976 (citations 05/2017: 901)
® Gabay/Mercier 1976 (citations 05/2017: 1260)
® Boyd et al. 2011 (citations 05/2017: 5130)
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Convergence

Have a look at the dual problem:

(D) argmax nf, {9(z) = h*(p) + (p, Ax)}

(D) argmin {g*(—ATp) + h*(p)} .

peR™

Theorem Let g € I'o(R%), h € To(R™) and A € R™9. Assume that the

Lagrangian has a saddle point. Then the sequence ~ (b(")) converges to a
solution of (D). If in addition the first step in the ADMM algorithm has a
unique solution, then (x(r))r converges to a solution of (P).

® Relation between ADMM and DRS

Reference: Eckstein, Berteskas 2009

Technische
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MUItiple Splittings Technische

Task: Ay € R4 | = 1,...,n, mzzkdk

n

argmin Z fr(Agx)
rcRd k=1

argmin { (x,0) +Z felye) st. Az =y, k=1,...,n}
reRlyeRn D00

h(y)

Scaled ADMM A := (A{,...,A))T
lterations: For r =0, 1,...

UD€ argming gpa {67 + Az —y17|3}

yU ) = argming cpm {001 frlye) + 2[00 + Az — y)|3}
BrHD = p()  Ag(r+D) _ (D)

Advantage: Separation of variables in Step 2

T . ’Y T r
yi Y = argmin { fi(y) + 207 + A — g3}
yEdez 2
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Primal dual Hybrid Gradient Algorithm (PDHG) Technische

First ADMM step requires solution of a linear system.

Arrow-Hurwicz Method: alternate the minimization in the primal and dual
problems and add quadratic terms:

1

rcRd _7-
= prong(:C(” — 7ATp")
. * r 1 r
p ) = argmin {*(p) — (p, A2") + _p — pO 3]}

— prox, ;- (p\") + o Az("TD)

Primal dual Hybrid Gradient Algorithm (PDHG)

2t = argming, cga {g(2) + 5=z — (27 — 7ATPM) |13}
= prox,, (:U("“) — TATp("“)) :
yr ) = argmin, cpn {h(y)+ %H%p(r) + Agp(r+l) yll3}

= proxi, (2p™ + Az(mTV))
p(r+1) — p(r) _|_ O'(Ax(r+1) — y(’r'l'l))
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ChambOIIe-POCk Algorithm Technische

Initialization: 1(©),b(0) = p(=1) c R™ 7,5 > 0 with 70 < 1/||A||3 and 6 € (0, 1]
lterations: For r =0, 1,...

"D = argming pa {9(z) + 5|z — (") — 70 ATH(M) 15}
y(rtl) = argmin, cgm {h(y) - %Hb(”“) + Ag(rtl) — y”%}
b(r+1) — b(r) _|_ Aaj(r—i_l) — y(r—i_l)

plr+1)  —  plr+1) 4+ e(b(r—kl) _ b(r))

Theorem: Let g € T'g(R%), h € To(R™) and 6 € (0,1]. Let 7,0 > 0 fulfill
To < 1/||All5.

Suppose that the Lagrangian L(x,p) := g(z) — h*(p) + (Ax,p) has a saddle
point (z*,p*). Then the sequence {(z("), p(")},. produced by Chambolle-Pock
algorithm converges to a saddle point of the Lagrangian.

Reference: Pock/Chambolle/Cremers/Bischof 2009, Chambolle/Pock 2011 (citations 05/2017: 1800)
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cPNN, v = 1.99 cPNN, v = unconst. CNN
PSNR 20.17 PSNR 29.88 PSMR 29.93 PSNR 29.86




Original Blurred FBS5-PnP with cPNN La-TV
PSNR 25.21 PSNR 30.51 PSNR 29.77

Figure 3.: Deblurring results with blur factor 7 = 1.5 and Gaussian noise with o = (.01
using FBS-PnP with a ¢cPNN based denoiser and Lo-TV.
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Ilterative scheme

= Minimization problem :

X € Argmin f(x) + g(x)

X

= Design of a recursive sequence of the form

(Vk € N) <A1 = xlkl,

Gradient descent & —=1d — 7(Vf + Vg)

Proximal point algorithm & = prox, s, )

Forward-Backward ® = prox,,(Id — 7VT)
Peaceman-Rachford ® = (2prox,, — Id) o (2prox, ¢ — Id)
Douglas-Rachford ® = prox,(2prox, s — Id) + Id — prox,¢



(b) KL(z, 1)
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