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Artifitsgreups ( Generalised braid groups ,
~ 1960s )

↳ groups
defined by ( labelled) graphs

E. g :
: ① A} :=

←•-•

I 2 3

5,53=535×1
,1B ( Az) = { s ' ' " ' S3 / s ,s, s , = Szs , 52

,
Szszsz = 5352

② Iz(n ) : =
•_^•
I 2 n times n times

1B ( Idn ) ) = ( s , .si/sTssF=sF... )



Artifitsgreups ( Generalised braid groups ,
~ 1960s )

↳ groups
defined by ( labelled) graphs

E. g :
: ① A} :=

←•-•

I 2 3

5,53=535×1
,1B ( Az) = { s ' ' " ' S3 / s ,s, s , = Szs , Sa

,
Szszsz = 5352

② Iz(n ) : =
•-^•
I 2 n times n times

1B ( Idn ) ) = ( s , ,s , / s.SI?=s.sF... )
① Word problem ? ③ Dynamics ?

② Torsion
,

centre ? ④ Cohomology ?



Coxeter greieps

↳ groups
defined by ( labelled) graphs

E. g :
: ① A} :=

←•-•

I 2 3

95 = Sss ,
,

5,2 = Si = s } = I( Az) = { s ' ' " ' % / S
,
S
, S ,

= 525,52
,
Szszsz = 5352

② Izcn ) : = •÷
2 n times n times

11N ( Idn ) ) = Is , ,
s
, / s.TT?=sTF...si=si-- 1)
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Coxeter greieps

↳ groups
defined by ( labelled) graphs

E. g :
: ① A} :=

←•-•

I 2 3

95
-

- Sss ,
,

5,2 = Si = s } = IXN ( Az) = { s ' ' " ' % / S
,
S
, S ,

= Szs , 52
,
Szszsz = 5352

② 12(n ) : =
•-n•
I 2 n times n times

1W ( Idn ) ) = ( s , ,
s
, / = .si?si-- 1)

' B = ( : •-%-• - - - •

D: %•→ - - - • F :
•-•_4•-•

③ Finite """

E : exceptional , Gz : 6-•

Hg : •
5-
•-•-• Izcn ) : •_^•

I 2
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Then .
[Van der Lek 1983 ]

* Technically HR should be
11N (T ) A ✗ :'-(VIR -1 IVIR )\YH✗+iH✗ the ties one

.

is free and properly discontinuous
,
and

T4( ✗ Hwan ) ) ≈ IBCT )
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Thin .
[Van der Lek 1983 ]

* Technically HR should be
11N (T ) A ✗ :=µRtiV1R)\YH✗+iH✗ the ties one

.

is free and properly discontinuous
,
and

T4( ✗ Kwan ) ) ≈ IBCT )

the K 1) conjecture :

✗ / NCT ) is a KC ≥
. 1) space for IBCT )

. ☆ Many remain
↳ ① finite type [ Deligne , Bries Korn - Saito 1972 ]

unknown !
② FC type [ Charney - Davis 1995 ]

③ Affine type [ Paolini - Salvetti 2021 ]



11 type A- ( arguably the most well - understood type )

IBCAn.ME/3rn~--MCG(Dn )

-9,
×i←i :

'
-

-
-7- .

-1
'

114

TF-t-HMU-LERTH-EORYT-hm.LKaliman '75]
TIM .(Nielsen - Thurston classification)

Every YEMCG (Dn ) is either : Teich ( $n+ , / ✗ E'→ Contee )

is a universal cover
ci ) periodic

for . [Fox -
Neuwirth

'

62]
Ii ) reducible

conf .n( E) is a KCI
,
1) - space for Brn

.

Kii) pseudo - Anosov



Dynamics
Thin . (Nielsen

- Thurston Classification )

Let s be a compact orientable surface - Every mapping class

element YEMCGCS) is either :

① Periodic ② reducible ③ pseudo - Anosov
.Ñ large

"

complexity
"

ÉÉ
, ××

.

×

a-
'
o
,

3



Action of Artin groups on surfaces
-
- -

- - -

PLAN : search for
"

nice
" action of IBCT ) on some surface

.

T-hm.LT its conjecture) [ crisp - Paris ' 01]
↳ Proved using actions on surfaces .

However ! ! !

T_Ñwajnryb '

99 ]
The type E Artin group

has faithful action

on surfaces
.



Genteel Analogy
[ Bridgetand - Smith

'

14
,

Halden - katz-arkov-kontsen.ch
'17 ]

"

theory of stability conditions is Teichmuller theory
for triangulated categories .

"

D- ed categories ,
D Surfaces

,
S

Aut (D) MCGCS )

objects , C curves
,

C

Hom ( C ,
,

(e) intersection numbers

stabilty conditions iflat) metric

mass length



Triangulated category & surface correspondent

[ Khovanov - Seidel
'

01 (A) ,
Gadbled - Thiel - Wagner

'

15 ( Ext.Ñ )
,

H .

- Nge
'19 (B) ]

IBCP ) AD=Komb(A-mod ) IBCT ) E- MCG (D) AID
L

- objects , [ (c) f-
- simple Closed) curves

,
c

- Hom /{ ( ed
,
[ (ez) ) -7 - intersection numbersdimension

ategority
"

first ) homologyB(An)AKdD)
°

Buran representation

- BCP ) - - - - → 41m12 -19,9 "] )
↓ ↓ 9=-1

XNCP ) → Gtm (2)



Other types

BCP ) AD=Komb(T - mod ) BLACK BOX
- objects , C

?
- Hom CC ,

,
Cz )

ategority
"

BCT )AkolD) {(? )
L

°

Buran representation

- BCT ) - - - - → GLn.CH?Eq,q "] )
↓ ↓ q= -1

XNCT ) → GLMCIR)



Other types

T-hm.lt/uefarno-Khovanov
'

02 ]

For each simply - laced T , there exist
a ( f. d. quotient ) quiver algebra Ap

such that 1B ( T ) acts on Komb( A - prgrmod ) , categorizing Buran rep .

T-hm.lt .
'

22 ]

Extend the above to inc
.
non - simply laced T by constructing

"

quiver
"

algebra (monoid ) in fusion categories : Rep- ( Uqslz ) ,
q= root of unity

Thy .
[ Brau - Thomas

'

10
,

Licata - Queffelec
'

17 CADE ) ) [ H .

'

22 (other finite ) ]

The action above is faithful
.



Other types

thm . [Huefarno - Khovanov
'

02 ]

For each simply - laced T , there exist
a ( f. d. quotient ) quiver algebra Ap

such that 1B ( T ) acts on Komb( A - prgrmod ) , categorizing Buran rep .

Th_m . [ H .

'

22 ]

Extend the above to inc
.
non - simply laced T by constructing

"

quiver
"

algebra (monoid ) in fusion categories : Rep- ( Uqslz ) ,
q= root of unity

Thy .
[ Brau - Thomas

'

10
,

Licata - Queffelec
'

17 CADE ) ] TH .

'

22 (other finite ) ]

The action above is faithful
.

☆ Faithful even for type F- ! !



BCT)a

O - category Dp-

Dmitrov - Haider -( katzarkov-kon-sev.ch " t)
""%"" " ""

L

Thin .
[H .

'

22 ]

Every element OEB ( Idn ) ) is either

① periodic ② reducible ③ pseudo - Anosov

↓ I
defined using categorical entropy ( function )

E. Type E ?



IBCT)a

O - category Dp-

Dimitrov - Haider -( katzarkov-kon-seu.ch " t)
( simply - laced )

KEN""%"" " "" """""" " + " """ "" ]

-1

stab (DF)

covering

u XF

Thin .
[H .

'

22 ]

Every element oEB( Izcn ) ) is either

① periodic ② reducible ③ pseudo - Anosov

↓ I
defined using categorical entropy ( function )

E. Type E ?



IBCT)a

O - category Dp-

Dimitrov - Haider -( katzarkov-kon-seu.ch " t)
( simply - laced )

"""""
"" """""

" + """ "" ]
(non - simply laced,} KEY

')

-1

stabeTDp ) C- stab (DF)
submfld . § covering

[ H .

- Licata ~] ↓ covering v

u XF
Xp

Thin .
[H .

'

22 ]

Every element oEB( Izcn ) ) is either No : contractible ⇒ Kla, , ) !

① periodic ② reducible ③ pseudo - Anosov

↓ I
defined using categorical entropy ( function )

E. Type E ?
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